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ABSTRACT. In this paper we study homological dimensions of finitely generated modules over commuta-
tive Noetherian local rings, called reducing homological dimensions. We obtain new characterizations of
Gorenstein and complete intersection local rings via reducing homological dimensions. For example, we
extend a classical result of Auslander and Bridger, and prove that a local ring is Gorenstein if and only if
each finitely generated module over it has finite reducing Gorenstein dimension. Along the way, we prove
various connections between complexity and reducing projective dimension of modules.

1. INTRODUCTION

Throughout all rings, usually denoted by R or S, are assumed to be commutative, Noetherian, and
local and all modules are assumed to be finitely generated. Denote by mod R the category of R-modules.

Homological dimensions such as the projective dimension pdp, the Gorenstein dimension G-dimg,
and the complete intersection dimension Cl-dimg are invariants that assign an element of NU {co, —co}
to an isomorphism class of R-modules. An R-module M with pdg(M) < oo (resp. G-dimg(M) < oo,
resp. Cl-dimg(M) < oo) has the similar property with the modules over regular (resp. Gorenstein, resp.
complete intersection) rings. The most important property is the following theorem, which gives a

characterization of local rings via such homological dimensions.

Theorem 1.1. [27, Théoreme 3][5} (1.4.9)] [4} Theorem 4.20] Let (R, m,k) be a local ring. The follow-

ing are equivalent:

(1) R is regular (resp. Gorenstein, resp. complete intersection)
(i) pdg(M) < oo (resp. G-dimg(M) < oo, resp. Cl-dimg(M) < oo) for each R-module M.
(iii) pdg(k) < oo (resp. G-dimg(k) < o, resp. Cl-dimg(k) < o)

Reducing homological dimensions were introduced by Araya and Celikbas [1], and subsequently
with a weaker condition by Araya and Takahashi [3]]. Although the finiteness of reducing homological
dimensions is a quite weaker condition than the finiteness of the corresponding homological dimen-
sions, several known results for modules with finite homological dimensions have been generalized to
modules with finite reducing homological dimensions; see [} [2, 3, [I1]. Therefore, studying reducing

homological dimensions is an important task in commutative algebra.
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Keeping in mind Theorem[I.1] it is natural to ask that whether we can prove the similar result using
reducing homological invariants instead of using homological dimensions. As we will see in that
red-pdg(M) < o if and only if red-Cl-dimg(M) < oo for an R-module M, it suffices to consider the
reducing projective dimension red-pd and the reducing Gorenstein dimension red-G-dim. Thus we

consider the following question.

Question 1.2. Let R be a local ring. If red-pdg (M) < oo (resp. red-G-dimg(M) < o) for each R-module

M, then must R be a complete intersection (resp. Gorenstein)?

For the reducing Gorenstein dimension, we obtain a complete answer to Question [I.2] which gener-
alizes both [l Corollary 3.2] and Theorem[I.1]

Theorem 1.3. (Theorem[3.12) Let (R, m, k) be a local ring. Then the following are equivalent:

(i) R is Gorenstein.
(ii) red-G-dimg(M) < oo for each R-module M.
(iii) There exists a resolving subcategory 2" of mod R containing & such that red-G-dimg (M) < o for
eachM e 2. O

Here, a full subcategory 2~ of modR is said to be resolving if it is closed under taking direct summands,
extensions, kernels of epimorphisms, and containing R. The reason why a resolving subcategory appears
in (iii) is that finiteness of reducing homological dimension is ill-behaved with respect to short exact
sequences (see Example and Example for instance). In fact, our result Theorem contains
more than Theorem as it also shows that R is Gorenstein if red-G-dimg(Trg Q}k) < oo for some
n > depth R (where Trg(—) denotes the Auslander-Bridger transpose).

It is known that each module over a local complete intersection ring of codimension ¢ has finite
reducing projective dimension of at most c; see [8]]. In this paper we investigate whether or not the
converse of this fact is true, and whether one can obtain a characterization of complete intersection

property via reducing projective dimensions. For small ¢, we obtain the following result.

Theorem 1.4. (Theorem Let (R, m, k) be a local ring and let ¢ < 2. Then the following are equiva-

lent:

(i) R is a complete intersection of codimension at most c.
(ii) red-pdg(M) < ¢ for each R-module M.
(iii) R is Gorenstein and red-pdg (k) < c. O

Similar to Theorem Theorem |1.4|also contains a characterization in terms of red-pdg(Trg Q).

We now briefly describe the structure of the paper.

In Section 2] we recall preliminary definitions, notations, and results related to reducing homological
dimensions, and reducible complexity [8].

In Section (3] we prove Theorem regarding characterization of Gorenstein rings via reducing
Gorenstein dimension, part of which was highlighted above. One of the main ingredients in the proof
of this is Theorem [3.9] which states that if a module M of finite reducing Gorenstein dimension belongs

to a resolving subcategory 2 such that 2~ contains all totally reflexive modules, and every module in
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Z has depth at least the depth of the ring, then M € Q2. We also deduce various other consequences
of Theorem

In Section 4} we prove Theorem Along the way, we show in Corollary that for a module of
finite complexity, the complexity is bounded above by the reducing projective dimension. The proof of
this result, and that of the main result Theorem @] of this section heavily relies on a technical result,
namely Theorem .2} which gives some connection between complexities of two modules M and K

when they fit into an exact sequence of the form 0 — M%¢ — K — QEM®" — 0.

2. DEFINITIONS AND EXAMPLES

Given a ring R, we denote by (—)* the R-dual functor Homg(—, R) of R-modules. For an R-module
M and an integer i > 0, we denote by QM the i-th syzygy module in a minimal free resolution of M.
Whenever the ring R is clear from the context, we only write Q'M in place of QLM.

First we recall the definition of complete intersection dimension and its related concepts. For the

other homological dimension such as Gorenstein dimension G-dim, we refer the reader to [12]].

2.1. (Complete intersection dimension [5, 1.2]) Let R be a ring and let M be an R-module. Define the

complete intersection dimension of M as
Cl-dimg(M) := inf{pdg(M @g R') — pdgR' | R — R’ « S is a quasi-deformation}.

Here a diagram R — R’ « S of local ring maps is a quasi-deformation if R — R’ is flat, R’ « S is
surjective such that its kernel is generated by an S-regular sequence. Note that, if R is a complete
intersection ring, then it follows by definition that Cl-dimg (M) < co.

It is shown in [5, Theorem 1.4] that there are inequalities
211 G-dimg(M) < Cl-dimg(M) < pdgr(M)
for any R-module M.

2.2. (Complexity and reducible complexity [7, 4.2] and [8]) Let R be a local ring and let M be an
R-module. The complexity cxg(M) of M is defined by the smallest integer r > 0 such that there exists
a real number A with B,(M) <A -n"~! for all n > 0, where f8,(M) denotes the nth Betti number of M.
(If there do not exist such integer r, we have cxg(M) = o by convention). Note that cxg(M) = 0 if and
only if pdg(M) < o, and cxg(M) < 1 if and only if M has bounded Betti numbers.

The module M is said to have reducible complexity if either pdp(M) < oo, or 0 < cxg(M) < oo and

there is an integer r > 1 and short exact sequences of R-modules
{0 — K — Ki+l — QgKi — O}ir:o

where Ko = M, pdg(K;) < oo, and cxg(Ki1+1) < cxg(K;) foreachi=0,1,...,r—1.

The original definition of reducible complexity [8] Definition 2.1] requires depthg (K;) = depthy (M)
for each i. Note that this condition holds automatically when R is Cohen-Macaulay (see [8, Remark
after Definition 2.1]). However, as we do not need this depth condition for our arguments, we do not

include it in the definition.
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2.3. ([8, Proposition 2.2]) If an R-module has finite complete intersection dimension, then M has re-

ducible complexity. ]
Motivated by this definition, Araya-Celikbas introduced the following concept.

2.4. (Reducing homological dimensions [1, Definition 2.1] and [3| Definition 2.5]) Let R be a local ring,
M be an R-module, and let H-dim be a homological dimension of R-modules, for example, H-dimg €
{pdg, Cl-dimg, G-dimg}.

We write red-H-dimg(M) < e provided that
(a) H-dimg(M) < oo, or
(b) H-dimg (M) = 0 and there exist integers r,a;, b; > 1, n; > 0, and short exact sequences of R-modules
of the form

241 OﬁKiGi“l" %K,-%Qﬁ"[(fib{ -0
foreachi=1,...r, where Ko = M and H-dim(K,) < . In this case, we call {Ky,...,K,} a reducing
H-dim-sequence of M.

The reducing homological dimension red-H-dimg (M) of M is defined as follows: If H-dimg (M) = eo,

we set
red-H-dimg (M) := inf{r € N : there is a reducing H-dim-sequence Ky, ..., K, of M}

and we set red-H-dimg(M) := 0 if H-dimg(M) < co. We note that our definition is more relaxed from
that of [1, 2.1] and aligns with [3| 2.5] in that we take n; > O instead of n; > 0.
It follows from the inequalities (2.1] 1) that there are inequalities

red-G-dimg(M) < red-Cl-dimg(M) < red-pdg(M)

for any R-module M. (]

Unlike homological dimensions, finiteness of reducing homological dimensions is not compatible
with short exact sequences. The following two examples show that finiteness of reducing homolog-
ical dimensions are not in general closed under extensions, kernels of epimorphisms or cokernels of

monomorphisms.

Example 2.5. Here we give a family of examples (of ring of every dimension) showing finiteness of
red-pd or red-G-dim is not in general closed under taking extensions.

Let (R,m,k) be a local Cohen-Macaulay ring of dimension d, and minimal multiplicity, admitting
a canonical module wg, and assume k is infinite. Then, we have m? = (x1,-+ ,xg)m. Write R =
R/(x1,---,x4) which has maximal ideal m/(xy,--- ,x,) and canonical module @z = wg/(x1,- - ,x4) Wg.
We have a short exact sequence of R and R-modules

0— mog — 0 — B SN
maoy

where the right most module is clearly a k-vector space, and the left most module is also a k-vector space
since m? = (x,---,xg)m. Hence both the left and right most modules have finite reducing projective

dimension due to [11, Theorem 1.2]. However, if red-G-dimg(@g) < oo, then by [11l Proposition 3.9.
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and 3.13] we obtain red-G-dimg(wg) < red-G-dimg(Q&wz) +d < . But then R is Gorenstein by [I1
Corollary 3.3], and hence R is Gorenstein. Consequently, if R is not Gorenstein, then red-G-dim R(wﬁ) =
oo = red-pdgp(@y). Applying i) to this same exact sequence and using [[11} 3.8 and 3.13], we get an
exact sequence showing finiteness of red-pd or red-G-dim is not in general closed under cokernels of

monomorphisms.

Example 2.6. Now we give a family of examples (of ring of every positive dimension) showing finite-
ness of red-pd or red-G-dim is not in general closed under kernels of epimorphisms. Let (R, m,k) be
a local 1-dimensional Cohen—Macaulay, non-Gorenstein ring admitting a canonical ideal wg. Also as-
sume R has minimal multiplicity and Endg(m) is a Gorenstein ring. An explicit example of such a ring
is R = k[[t¢,1*1, - ,1>*71]], where e > 3 is an integer (see [18, Example 3.13]). By [18, Theorem 5.1]
and [20, Theorem 1.4 and Corollary 1.5], we get an exact sequence 0 — wg — m — k — 0. Now let
S:=R][xa, - ,x4]], where d > 1 (if d = 1, we interpret S as R itself). As S is flat over R, we obtain an
exact sequence 0 — SQg Wg — S@pm — S®pk — 0. As S/mS = k[[x2,--- ,x,4]] is Gorenstein, so by
[10, Theorem 3.3.14] we get S ®r Wr = ws. Hence the exact sequence becomes

00— ws— S®rm — SRrk — 0.

Now as R has minimal multiplicity, so red-pdy k and red-pdg m are finite by [11, Theorem 1.2 and Corol-
lary 3.13]. Hence red-pdg(S ®gm) and red-pdg(S ®g k) are finite by [11, Corollary 3.2]. Now since
S/(x2,-++ ,x4) = R is not Gorenstein, so S is not Gorenstein, and thus red-pdg s = red-G-dimg @g = o
by [} Corollary 3.3].

2.7. For an R-module M, red-Cl-dimg (M) < o if and only if red-pdg (M) < . Indeed, the if part follows
from the inequality red-Cl-dimg(M) < red-pdg(M).

Conversely, suppose red-Cl-dimg(M) < eo. If red-Cl-dimg(R) = 0 i.e., Cl-dimg(M) < co, then M
has reducible complexity and hence it has finite reducing projective dimension from the definition. If
0 < red-Cl-dimg(R) < oo, then we can take a reducing Cl-dim-sequence {Kj,...,K,} of M. Then K,
has finite complete intersection dimension and hence it has a finite reducing projective dimension as
above. Therefore, we get a reducing pd-sequence of M by connecting the reducing Cl-dim-sequence
{Kp,...,K,} of M and the reducing pd-sequence of K,. This conclude that M has finite reducing pro-

jective dimension. O

For the rest of this paper, we will concentrate on red-pd and red-G-dim. We will often use the

following property from [11, Proposition 3.8].

2.8. Let H-dim = pd or G-dim. Then, for any R-module M and free R-module F, we have
red-H-dim(M) = red-H-dim(M & F). O

The following relations between the (reducible) complexity and the reducing projective dimension
will be obtained in Corollary

2.9. Let R be a local ring and let M be an R-module.
(i) If cxg(M) < oo, then it follows that cxg(M) < red-pdg(M).
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(ii) If M has reducible complexity, then cxg (M) = red-pdg(M). O

The reducing projective dimension of a module of finite complete intersection dimension is bounded

by the codepth of the ring. More precisely, in view of [2.9] one has:

2.10. Let R be a local ring and let M be an R-module. Assume Cl-dimg(M) < . Then,

(i) M has reducible complexity; see [8, Proposition 2.2]
(il) cxg(M) = red-pdg(M) < embdim(R) — depth(R); this follows from part (i), and [5] 5.6].
(iii) If red-pdg(M) = embdim(R) — depth(R), then R is a complete intersection ring; this follows from
(ii), and [5} 5.6]. O

It is worth noting that the inequality in [2.9(i) may fail if the module in question does not have finite
complexity; indeed, for a local ring (R, m, k) with m? = 0, we always have red-pd(k) < oo ([T}, Proposi-
tion 2.5]). Similarly, the equality in [2.9(ii) may fail if the module in question does not have reducible
complexity: the module in the next example has finite complexity, but it does not have finite reducing
projective dimension (and hence the module does not have reducible complexity). This shows that, for
a module, having finite complexity and having finite reducing projective dimension are independent

conditions, in general.

Example 2.11. Jorgensen and Sega [19] constructed a local Artinian ring R and an R-module M such
that cxg(M) < o0 = G-dimg(M) and Ext,(M,R) = 0 for all i > 1. It follows that red-G-dimg (M) = o as

otherwise the vanishing of Ext}} (M, R) forces M to have finite Gorenstein dimension; see [}, 1.3]. O

3. TESTING THE GORENSTEIN PROPERTY VIA REDUCING GORENSTEIN DIMENSION

In this section, we concern reducing Gorenstein dimension and prove the first main theorem, which

has been advertised in the introduction.

3.1. Let R be alocal ring and 0 -+ A — B — C — 0 be a short exact sequence of R-modules. Then, the
following hold:

(i) There exists a short exact sequence 0 — QrC — A @G F — B — 0 with some free R-module F.
(i) There exists a short exact sequence 0 — QrB — QrC @ G — A — 0 with some free R-module G.
(iii) For each i > 0, there exists a short exact sequence 0 — Q}éA — Q}'eB G H; — Q}'eC — 0 with some
free R-module H;.

Proof. (i) and (iii) follow from [[15| Proposition 2.2]. For part (ii), we consider the following pull-back
diagram obtained via the exact sequences 0 - QB —F - B —-0by0—+A —-B—C —0:
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0 0
0 QrB X A 0
0 QrB F B 0
C=——=C
0 0

The middle column yields X = QrC & G for some free R-module G. Hence, the required short exact

sequence follows from the upper row. (|

3.2. Recall that mod R denotes the category of finitely generated R-modules. Let 2" be a full and strict
subcategory of modR. Given an integer n > 1, by Q" .2, we denote the subcategory of all R-modules M
for which there exists an exact sequence 0 > M — P,y — --- — Py — N — 0, where N € 2" and each
P, is a finitely generated projective (=free when R is local) R-module. Moreover, we put Q°.2" = 2.
We always have Q" (Q".2") = Q™" 2". We also often denote Q" (modR) by Syz,(R).

We say that 2" is additive if it is closed under direct summands and finite direct sums. We say that
Z is extension-closed (resp. closed under kernels of epimorphisms) if given any short exact sequence
0—-N—->L—->M—0,wehave M\Ne 2 = Lec X (resp. M\,Lc & = Nec Z). Wesay 2 is
resolving if 2" is additive, R € 2", and 2" is closed under both extensions and kernels of epimorphisms.

3.3. An R-module M is said to satisfy (S,) (resp. (S,)) if depthy, (M) > inf{n,depth(Ry)} (resp.
depthy, (M) > inf{n,dim(Ry)}) for all p € Spec(R). We denote by S, (R) (resp. Sa(R)) the collection
of all R-modules that satisfy (S,) (resp. (Sy)). Itis easy to observe (by the depth lemma etc.) that S,,(R)
is a resolving subcategory of modR. We note that R satisfy (S,) if and only if S, (R) = S,(R).

Definition 3.4. For an R-module M we denote by Trg M the (Auslander-Bridger) transpose of M. This
is defined as follows. Take a presentation P 4 Py —+ M — 0 by finitely generated projective R-modules
Py, Py. Dualizing this by R, we get an exact sequence 0 — M* — Fj f—> P — TrpM — 0, that is, Trp M
is the cokernel of the map f*. It is clear that Trg M is also finitely generated. The transpose of M is
uniquely determined up to projective summands; see [4] for basic properties. When the ring in question

is clear, we simply write Tr in place of Trg.

3.5. An R-module M is said to be n-torsionfree if Ext}e (TrgkM,R) =0 for all i = 1,...n. We denote by
TF, (R) the full subcategory of mod R consisting of n-torsionfree R-modules.

3.6. ([17, Proposition 2.4]) We always have inclusions TF,(R) C Syz,(R) C S,(R). Moreover, if M, is

totally reflexive for prime ideals p with depth R, < n and satisfies (S, ), then M is n-torsionfree.
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For a local ring R, let €’(R) denote the full subcategory of all R-modules M such that depthg (M) >
depth(R It is easily observed that %(R) is a resolving subcategory of modR, and S,(R) C € (R)
for all n > depth(R). When R is local Cohen-Macaulay, it holds that S,(R) = S,(R) = € (R) for all
n > depth(R) and this is nothing but the category of maximal Cohen-Macaulay R-modules. In general,
for n > depthR, the inclusion S, (R) C %(R) can be strict.

We need the following preliminary result and its consequence to prove the main result of this section.

Lemma 3.7. Let 2 be an extension-closed subcategory of modR. If 0 - M — K — N — 0 is a short
exact sequence such that K € Q2" and N € 2. Then it follows that M € Q2.

Proof. By assumption, we have a short exact sequence 0 -+ K — F — K’ — 0, where F is free and

K' € Z . This yields a pushout diagram as follows:

0 0
0 M K N 0
0 M F C 0
K/ K/
0 0
Note, as 2 is extension-closed and N, K’ € 2, it follows that C € 2". Thus0 =M — F - C — 0
implies M € Q2. U

Although the following result is recorded in [16} 3.1(2)], we give another proof based on Lemma@

Corollary 3.8. Let 2 be a resolving subcategory of modR. Then Q2 is additive (i.e., it is closed

under finite direct sums, and direct summands).

Proof. Since 2 is closed under finite direct sums, hence so is Q2. We only need to show that if
M,N € modR suchthat M &N € Q2 ,then M € Q.2 . Indeed, if MON € Q2 ,then MON € Z as
' is resolving, and therefore M, N € 2 . From the split exact sequence 0 - M - M &N — N — 0, in
view of Lemma[3.7} we get M € Q2. O

We denote by ¢ (R) the category of totally reflexive modules ([12]]). Note that Q¥ (R) = 4 (R) (see
[12, Lemma 1.1.10 and Theorem 4.1.4]). Moreover, by the Auslander-Bridger formula [[12, Theorem
1.4.8], we have the inclusion 4(R) C € (R). Conversely, if M has finite Gorenstein dimension and
belongs to €'(R), then M is totally reflexive by Auslander-Bridger formula.

Now we state and prove the first main result of this section which will be frequently used in the

proofs of the rest of the results of this section.

1R-modules we consider here are called deep in [14] and the category €'(R) is denoted by Deep(R) there.
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Theorem 3.9. Let R be a local ring and let 2 be a resolving subcategory of modR such that 4 (R) C
Z CE(R). If M is an R-module with red-G-dimg(M) < oo, then M € 2 if and only if M € QZ".

Proof. Note it is enough to assume M € 2" and show that M € Q2 . Hence we assume M € .Z". First
we note that (R) = Q¥ (R) C Q2. It follows, as red-G-dimg(M) < o, there are short exact sequences
of R-modules

@I Ei=(0—K" K — QZ"KEZ’I" —0)

foreachi=1,...r, where ay,...,a,,by,...,b, are positive integers, ny,...,n, are non-negative integers,
Ko = M, and G-dimg(K,) < co. As 2 is resolving, so is each K; € 2. In particular, K, € Z C
%' (R) and thus G-dim(K;) < oo implies that K, is totally reflexive. Consequently, K, € 4(R) C Q2.
Since QUK € 2" and K, € Q2 , K- € Q2 by Lemmaapplied to E.. Then, K, € Q2 by
Corollary Similar argument applied to E,_; shows K,_» € QZ and so on. Continuing this way,
we get M =Ky € Q2. O

The following is an interesting consequence of Theorem

Corollary 3.10. Let R be a local ring and let 2~ be a resolving subcategory of modR with 4(R) C 2.
Then the following conditions are equivalent:

(i) G-dimg(M) < oo foreachM € Z'.

(ii) red-G-dimg(M) < oo foreachM € Z'.
(iii) There exists n > depthR such that red-G-dimg(M) < oo for each M € 2 N Sy(R).
In particular, for a resolving subcategory Z of €(R) with 9(R) C X', Z = ¥(R) if and only if
red-G-dimg(M) < eo for each M € X

Proof. Sett = depthR. Assume (i), and let M € Z". Then Q'M is totally reflexive by assumption of (i).
Hence, G-dimg M < oo, and so red-G-dimg M < co. This shows the implication (i) = (ii). On the other
hand, the implication (ii) => (iii) is obvious.

Now, assume that (iii) holds. The assumptions on .2~ imply that % := 2~ ﬁgn(R) is a resolving
subcategory of ¥'(R) and % contains ¢4(R). Then by Theorem % = Q% and therefore % =
Q'% = 4(R) holds. Therefore, the remained implication (iii) = (i) follows. O

Remark 3.11. Examples of resolving subcategories 2~ that satisfy the hypothesis of Theorem
include 2" = S,,(R) for n > depthR, and also 2" = %€'(R).

Now we prove the main theorem of this section, characterizing Gorenstein local rings via reducing
G-dimension. In the following, for given subcategories 2, % of modR, denote by 2" x % the collection
of all modules L which fits into an exact sequence 0 X — L —Y — 0, where X € 'Y € ¥

Theorem 3.12. Let (R, m,k) be a local ring. Then the following conditions are equivalent:
(1) R is Gorenstein.
(ii) red-G-dimg(M) < oo for each R-module M.
(iii) There exists a resolving subcategory Z  of modR containing Qpk for some n > 0 such that
red-G-dimg (M) < oo for each M € Z'.
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(iv) There exists a category & C modR closed under extensions and containing R and Qjk € 2~ for
some n > depthR, such that red-G-dimg(M) < oo for eachM € Z'.
(v) There exists n > depth R such that red-G-dimM < oo for each M € R x Qjk.
(vi) There exists M € € (R) such that idg(M) < o and red-G-dimg(M) < oo.
(vii) red-G-dimM < oo for each R-module M with QEM = Qik for some positive integers m and n.
(viii) There exists an integer n > depthR such that red-G-dimg (Trg QRk) < oo.

Proof. (i) = (ii)) = (iii) = (iv) = (V) is obvious.

Now to show (v) = (i): Let t = depth R. We notice that R« Qfk C §,,(R) - §,(R) Take an R-module
M € R*Qbk. Then M € S;(R) and red-G-dimg(M) < o by the assumption of (vi). Now, Theorem
and Remark imply that M € QS,(R). Then M = QzN & F for some N € S;(R) and some free R-
module F. For any prime ideal p with depthR,, < t, M}, is free (as p # m and M is locally free on punc-
tured spectrum), and hence pd R, Np < 1. As N satisfies S;, it follows that depthN,, > inf{r,depthR, } =
depthR,. Due to the Auslander-Buchsbaum formula pd R, Np = depthR, — depthN, < 0, N, is free.
Now we have shown that N, is Ry-free for all prime ideal p satisfying depthR, < t. Therefore,
it follows from that N € Syz,(R), and so M = QrN ® F € Syz,(R). Thus we conclude that
R xQfk C Syz, | (R) and it implies that R is Gorenstein by [16 5.4].

This shows that (i) through (v) are all equivalent.

To show (i) <= (vi), we only need to show (vi) => (i): So, assume red-G-dimg(M) < o for some
M € € (R), where idg(M) < co. Then, by Theorem[3.9)and Remark[3.11] we see M € Q€'(R). Therefore,
there is a short exact sequence of R-modules 0 - M — F — N — 0, where F is free and N € G (R).
Since idg(M) < o and N € €'(R), it follows Extk(N, M) = 0. Hence the short exact sequence 0 — M —
F — N — 0 splits so that M is free and hence R is Gorenstein.

To show (vii) <= (i), enough to show (vii) = (i): Let t = depthR. For an R-module M € R x Q'k,
there is a short exact sequence 0 — R — M — QLk — 0. This short exact sequence implies, by i),
that F & QpM = Q}Hk for some free module F, and hence Q%M o Q}Jrzk. Therefore, the assumption
forces red-G-dim M < < and hence R is Gorenstein by (v) = (i).

Finally, to show (viii) <= (i), enough to show (viii) = (i): Let r = depthR, and we assume there
exists an integer n > ¢ such that red-G-dimg(Trg Qjk) < co. Put M := Trg Qik. We first show that M
can be embedded in a module of finite projective dimension. This is of course true if G-dimg M < o by
[13, Lemma 2.17]. If G-dimg(M) = o, then by Deﬁnitionthere exist integers r,a;,b; > 1, n; > 0,
and short exact sequences of R-modules of the form

(-12-1) 0= K" — Ki = QFK =0

foreachi=1,...r, where Ko = M and G-dim(K;) < c. Since K, embeds in a module of finite projective
dimension, hence Kf’i"f embeds in a module of finite projective dimension, so K,_; embeds in a module
of finite projective dimension. Similarly, K,._, embeds in a module of finite projective dimension, and
continuing this way, M = K embeds in a module of finite projective dimension. So in any case, we
now see that M embeds into a module of finite projective dimension, say H. Now, since n > t, so Qgk
satisfies (S;), so by [17, Proposition 2.4], we get Ext}}(M,R) =0forall 1 <i<t. Since pdg H <t, so by
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[29, Lemma 2.2], we get M is torsion-less i.e. Extk(Trg M, R) = 0. Since TrTrQpk is stably isomorphic
with Qk, we get Exth(Qk,R) = Oi.e., Exts™!(k,R) = 0. By [253, IL. Theorem 2] we get idg R < o i.e.,

R is Gorenstein. O

Remark 3.13. The equivalence between (i) and (vi) has been proved in [[1, Corollary 3.3(iii)], however,

our argument is simpler.

The following characterization of local complete intersection rings shows that assuming the sub-
category of all modules of finite red-G-dim contains a big enough subcategory which is closed under

extensions, imposes strong conditions on the ring.

Proposition 3.14. Let (R,m,k) be a d-dimensional local ring such that R = S/(xi,...,x,)S, where
(S,n,k) is local Cohen—-Macaulay ring of minimal multiplicity, and xi,...,x, € n is an S-regular se-
quence. Then the following are equivalent:

(1) R is a complete intersection.

(2) red-pdgM < oo for all M € modR.

(3) There exists a subcategory 2 C modR which is closed under extensions such that
{M € TF;.1(R)|M is locally free on the punctured spectrum, and red-pdg M < oo} C 2~

and

2 C{M € modR|red-G-dimgM < eo}.

Proof. (1) = (2) = (3) is straightforward. Only need to prove (3) = (1): Assume the ex-
istence of a subcategory 2 as in (3). By hypothesis, R € 2". Since Qj’é“k is locally free on the
punctured spectrum, and is (d + 1)-torsionfree, and moreover red-pdp Qf;’lk < o by [11, Theorem
1.2], so Q%*lk € Z'. Since % is closed under extensions, so R*Q%*lk C Z'. So, red-G-dimgM <
forall M € Rx Qldflk by hypothesis on Z". Then, R is Gorenstein by Theorem So § is Gorenstein.
but S has minimal multiplicity, so S is a hypersurface. Hence, R is a complete intersection. (]

We have another consequence of Theorem@]regarding Ulrich modules (see [9],[21]]), which extends
and recovers [1, Proposition 2.5((vi) = (1))].

Corollary 3.15. Let (R,m,k) be a local Cohen—Macaulay ring of minimal multiplicity. Let M be a
maximal Cohen—Macaulay R-module such that red-G-dimg M < co. Then, M = N @ F for some Ulrich
module N and free R-module F. In particular, if m*> = 0 and M is an R-module such that red-G-dimg M <
oo, then M =2 k¥ O F for some integer a > 0 and a free R-module F.

Proof. Taking 2" = % (R) (the full subcategory of all maximal Cohen-Macaulay modules) in Theorem
it follows that M € Q% (R). Hence we can write M 22 F @ N for some N € Q% (R) such that R is not
a direct summmand of N. Since R has minimal multiplicity, it follows from [21, Proposition 1.6] that
N is an Ulrich module. Finally, if m? = 0, then R is a Cohen-Macaulay ring of minimal multiplicity,
and every R-module is maximal Cohen—Macaulay. Since R is Artinian, all Ulrich modules are k-vector

spaces (see [9} Proposition (1.2)]). Hence, the claim follows. O
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4. TESTING THE COMPLETE INTERSECTION PROPERTY VIA REDUCING PROJECTIVE DIMENSION

This section is devoted to a proof of the following theorem which contains TheoremT.4]and gives a

partial affirmative answer to Question [I.2]

Theorem 4.1. Let (R,m,k) be a local ring and let 0 < ¢ < 2 be an integer. Then the following are

equivalent:

(i) R is a complete intersection of codimension at most c.
(ii) red-pdgr(M) < c for each R-module M.
(iii) R is Gorenstein and red-pdg (k) < c.
(iv) There exists an integer n > depthR such that red-pdg (Trg Qik) < c.

For the ¢ = 0 case, the equivalence of (i) through (iii) and also (i) implying (iv) of Theorem @] is
standard. To see (iv) implies (i) for ¢ = 0 case, we notice that the hypothesis implies pdp(TrQ}k) < oo.
Since n >t := depthR, so Qjk satisfies (§,) so by [17, Proposition 2.4], we get Extﬁe(TrQ}’ek,R) =0
for all 1 <i <t. Since pdg(TrQfk) <t by Auslander-Buchsbaum formula, hence TrQJ}k is R-free by
(23, Lemma 1(iii), p. 154], thus Q%k is also free, hence R is regular.

Now we go on to prove the ¢ = 1 and ¢ = 2 case of Theorem [4.1| separately. On both cases, the key
ingredient of the proof is the following theorem; in order not to interrupt the flow of the arguments, we

defer the proof until the end of the paper.
Theorem 4.2. Let R be a local ring and let
00— M 5 K- QWM™ -0

be a short exact sequence of R-modules such that cxg(K) = ¢ for some integer ¢ > 0. Then the following
hold:

(i) Ifa < b, then cxg(M) = cxg(K).
(i) Ifa=b, then cxg(M) < cxg(K) + 1.
(iii) Ifa > b, then cxp(M) = cxg(K) or cxg(M) = oo.

The following result has been mentioned in[2.9] and we are now ready to prove it.

Corollary 4.3. Let R be a local ring and let M be an R-module.
(1) If cxg(M) < oo, then it follows that cxg(M) < red-pdg(M).
(i) If M has reducible complexity (e.g., if Cl-dimg(M) < ), then cxg(M) = red-pdg(M).

Proof. The claim in part (ii) is an immediate consequence of part (i): we know, if M has reducible
complexity, then it follows that red-pdp(M) < cxg(M); see [3l Theorem 3.6]. Hence it is enough to
prove the claim in part (i).

Set r = red-pdg(M). Note that we may assume r < co. We proceed by induction on r. The claim
follows by definition in case r = 0. We shall assume r > 1. Then there is a short exact sequence of

R-modules

4.3.1) 0— M 5 K — QrM® — 0,
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where a,b > 1,n > 0, and red-pdz(K) = r — 1. We note that cxg(K) < oo because cxg(M) < co. By the
induction hypothesis, we have that cxg(K) < red-pdg(K) =r— 1.

If a < b, then cxg(M) < cxg(K) + 1 < red-pdg(M) by Theoremi)(ii). On the other hand, if a > b,
then since cxM < oo, we have that cxg(M) = cxg(K) < r = red-pdg(M) by Theorem [{4.2(iii). O

Next, we show a general result that a totally reflexive module and its R-dual have the same reducing
projective dimension. This will be used for the proof of Theorem [@.1]

Lemma 4.4. Let R be a local ring and M be a totally reflexive R-module. If there is a short exact
sequence of R-modules

@4 1) 0— M 5 K— QM -0

such that a,b > 1,n > 0 are integers, then there is a short exact sequence
@42) 0— (M")® = QRK*)BF — QR(M*)® -0,
with some free R-module F.

Proof. Applying (—)* to the sequence 1), we get a short exact sequence
0— (QEMPY - K* — (M®)* 0.
Taking n-th syzygies, we obtain a short exact sequence
0 — Qi((QM)* )™ — QR(K*) DF' — QR(M*)™ — 0
for some free R-module F’. Since M is totally reflexive, one has M* = Q) ((QEM)*) & G for some free
R-module G. Therefore, putting F := F' @ G, the above exact sequence gives
0— (M) — QR(K*) ©F — Qr(M*)® — 0.

]

Proposition 4.5. Let R be a local ring and let M be a totally reflexive R-module. Then it follows
red-pd M = red-pd M*.

Proof. 1t suffices to prove the inequality red-pd M* < red-pdM for any totally reflexive R-module.
Indeed, since M* is also a totally reflexive and M = M**, we get the inequality red-pd M = red-pd M** <
red-pd M*. Consequently, we obtain red-pd M = red-pd M*.

To prove red-pd M* < red-pd M, we assume r := red-pd M < oo and proceed by induction on r.

If r=0 (i.e., pdM < o), then M is free and hence so is M*. This means that red-pd M* = 0. Next,
assume r > 0 and choose an exact sequence as (4.4]1) in Lemma4.4] such that red-pd K = r — 1. Since
K is totally reflexive, the induction hypothesis yields red-pd K* < red-pd K. Using [[11} Proposition
3.8], we get red-pd(Q}(K*) & F) = red-pd Q (K*) < red-pd K* < red-pd K = r — 1. Thus the sequence
(@.4]2) gives us the inequality red-pd M* < r. (|

Now we proceed with the proof of ¢ = 1 case of Theorem
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Proof of Theorem 4.1 when c = 1.

4.6. Let R be a complete local ring, M be an R-module, and let i(M) denote the number of non-free
summands in a direct sum decomposition of M by indecomposable modules (such a decomposition
exists and is unique as R is complete, see [22] Corollary 1.10]). Clearly, i(M) = 0 if and only if M is
free. Now assume M is totally reflexive. Then, any direct summand X of M is totally reflexive, and
moreover X is free if and only if X* is free, if and only if QgX is free. So, we have that i(M) < i(QzrM)
and i(M) <i(M*). Similarly, i(M*) <i(M**) =i(M). So we geti(M*) =i(M). Now remembering M* =
F ®Qr((QrM)*) for some free R-module F, we get i(M) <i(QrM) =i((QrM)*) <i(Qr((QrM)*)) =
i(M*) =i(M). Thus, i(M) = i(QgM).

4.7. Let R be a local ring and let M be a totally reflexive R-module. Assume there exists a short exact
sequence of R-modules 0 — M®4 — F — QﬁM@b — 0, where a,b > 1, n > 0 are integers and F is free.
Then it follows that cxg(M) < 1.

Since completion commutes with syzygy and direct sum, completion of totally reflexive modules are
totally reflexive, and complexity does not change under completion, so we may pass to completion and
assume without loss of generality that R is complete. Hence, we can talk about i(—).

Let r = i(M). Since M®* = QWM & G for some free R-module G, so we get ra = i(M®9) =
QM @ G) = i(QRTIM®P) = i(M®P) = rb. This yields r =0 or a = b. If r = 0, then M is a free
R-module and hence cxg(M) = 0 by definition. On the other hand, if @ = b, then M = F ¢ Qﬁ“M Ga,
and this implies QrMP4 = Q§+2M9“. From this isomorphism, we conclude that M has bounded Betti
numbers and hence cxg(M) < 1. O

If R is a local ring and M is an R-module, then it is clear by definition that cxg(M) = 0 if and only if
red-pdg (M) = 0. In the following we make a similar observation, connecting modules of bounded Betti

numbers with those having reducing projective dimension 1. For that we first prepare a lemma:

Lemma 4.8. Let M be an R-module such that M®® has a periodic resolution for some a > 1. Then M

also has a periodic resolution.

Proof. Since completion commutes with taking syzygies, hence in view of [22, Corollay 1.15(ii)], we
may assume, without loss of generality, that R is complete. Assume there exists an integer n > 1 such
that M©¢ =2 QI (M®?). Write QM =~ @LIKI-@I’" where K;’s are mutually non-isomorphic indecompos-
able modules. Then we have Q{M®* =~ {:lKi@“b" . Write M = lel\li@c" where N;’s are mutually non-
isomorphic indecomposable modules. Then, ®3_, N;**“ =2 &4 = QU5 = {:11(1.@”17" and uniqueness
of indecomposable decomposition implies s = r, and after a permutation, we can write N; = K; and
ac; = ab;. Hence, ¢; = b; and M =2 leKi@b" = QFM. O

Proposition 4.9. Let R be a local ring and let M be an R-module.
(i) If G-dimg(M) < o and red-pdg(M) < 1, then Q"M has a periodic resolution for some n > 0.
(i) If R is Gorenstein and red-pdg(k) < 1, then R is a hypersurface.
(iii) If M has finite complexity and red-pdgr(M) < 1, then Q"M has periodic resolution for some n > 0.
(iv) If there exists an integer n > depth R such that red-pdg(Trg Q%k) < 1, then R is a hypersurface.
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Proof. To prove part (i), we assume G-dimg(M) < oo and red-pdg(M) < 1. If red-pdg(M) = 0, then
pdr(M) < o in which case there is nothing to prove. Therefore, we can assume red-pd(M) = 1. Set
d = depth(R) and N = QM. Then N is totally reflexive and red-pdg(N) = 1 (red-pd N # 0 since N
has infinite projective dimension). Let 0 — N9 — F — Q}’eN@b — 0 be a reducing pd-sequence. It
follows from the argument of that a = b, hence we see that N9 has periodic resolution and so does
N = Q‘M by Lemma

Note, if R is Gorenstein and red-pdg (k) < 1, then part (i) implies that cxg(k) < 1, i.e., R is a hyper-
surface. Therefore part (ii) holds.

For part (iii), again we may assume red-pd,(M) = 1. Consider a reducing sequence
(4.9.1) 0 — MP0 — Ky — QM0 — 0

such that K has finite projective dimension, ag,bg are positive integers. Since M has infinite projective
dimension, so cxKj = 0 < cxM < oo implies ag = by by Theorem[#.2[1) and (3). So we have the short
exact sequence 0 — M®% — K — QR'M®% — 0. Since QKK is free for all n>> 0, we get QEM 90 &
F = QZMOHM ©40 and by taking more syzygies, we get QpM 90 = Qg"OHM Pag QZOH (QEM0)
for all n>> 0. Thus, Q%M has periodic resolution by Lemma

(iv) The hypothesis along with Theorem(3.12] implies that R is Gorenstein. Let d = dimR. There
exists a free module F such that Q2Trg Qpk O F = (Q}ék)*. By [11} Corollary 3.13], we have
red-pdg(Q2 Trr Qk) < 1. By [[L1} Proposition 3.8], red-pdg(Q>Trg Qk ® F) = red-pdg((Qrk)*) <
2. Since R is Gorenstein and n > dimR, (Q’}ek)* and Qpk are totally reflexive. Hence we get
red-pdg (QRk) = red-pdz((Qkk)*) < 1 by Proposition If red-pdR(Qjk) = 0, then by definition
pdg(QRk) < oo, R is regular. Otherwise red-pd(QRk) = 1, and then R is a hypersurface by part (i). O

Proof of ¢ = 1 case of Theorem[.1] Note that (ii) = (iii) follows from Theorem [3.12] and (iii) =
(1) is due to Proposition ii). Since (i) = (ii) is clear from Corollary so this proves (i) <—
(ii) <= (iii). Finally, (i) <= (iv) also follows by Proposition4.9iv) and Corollary 4.3] O

Proof of Theorem 4.1l when ¢ = 2.

Proposition 4.10. Let R be a local ring and let M be a totally reflexive R-module. Assume red-pdg(M) <
2. Then it follows that cxg(M) < 2 or cxg(M*) < 2.

Proof. By assumption, we have an exact sequence
(4.10.1) 0— M - K — QM — 0,

where a,b > 1, n > 0, and red-pdg(K) < 1. Since K is totally reflexive, we get cxg(K) < 1 by Propo-
sition[d.9] If @ < b, then cxg(M) < cxg(K) + 1 < 2 by Theorem [4.2]i)(ii). Next we assume a > b. By

Lemma[4.4]and Proposition [4.5| we have an exact sequence
0— (M) — QR(K*) B F — Qp(M*)™ — 0,
where red-pdp K* = red-pdz K < 1. Then [I1], Proposition 3.8] yields red-pd(Q}(K*) © F) < 1. Since

Q}(K*) & F is totally reflexive, we obtain cxg(Qp(K*) @ F) < 1 by Proposition[4.9} Thus a > b now
implies cxg(M*) < cxg(QE(K*) @ F) < 1 by Theorem 4. 2((iii). O
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Proposition 4.11. Ler (R,m,k) be a local Cohen-Macaulay ring of dimension d. Assume that there

exists a non-zero maximal Cohen—Macaulay module C of finite injective dimension such that one of the

following holds

(1) cxg (Homg(Q3k,C)) < oo

(2) cxg(C) < oo (for e.g., R is Gorenstein) and cxg (HomR(Q;'ek,C)) < oo for some integer n > d.
Then, R is a complete intersection. Moreover, in case (1), it holds that codimR =

cxgp(Homg (Q%k,C)), and similarly in case (2), it holds that codim R = cxg(Homg (Q2k,C)).

Proof. (1) We first prove that R is a complete intersection by induction on d = dimR. If d = 0, then
Homg (k,C) is a non-zero k-vector space. Therefore the hypothesis implies cxg(k) < oo, and which im-
plies R is a complete intersection. Now assume d > 0. Take an R-regular (and hence C-regular) element
x € m\m?. Then (Q&k)/x(Q&k) = Qz/(x)kGB sz(;)k by [28| Corollary 5.3]. Since Extz%(Qék,C) =0,

we have
Homy (Q4k,C) @k R/ (x) = Homp o ( () /x(Q4K),C/xC)
= Homp,ux (g;g /(x)k,C/xC) ® Homg g (Qﬁy(;)k,C/xC)

by [0} 3.3.3(a)]. Since x is C-regular, it is also HomR(Q%k, C)-regular. From this, we have:

CXR/xR (HomR/xR (Q%/(X)k,C/xC) ©Homg g (Q‘,‘é?(L)k,C/xC)) = CXR/xR (HomR(Q%k,C) ®R R/(x))
=Ccxg (HomR(Qfek,C)) < oo,
Hence by [7, 4.2.4(3)], we get

s s (o (0 €15)) s (o (07 1)) ) <o

In particular, cxg g (HomR/xR (Q%ﬂ;k,C /xC)) < oo, Since C/xC is maximal Cohen—-Macaulay
R/(x)-module of finite injective dimension, the induction hypothesis yields that R/xR is a complete
intersection and hence so is R.

Now since we have proved R is a complete intersection, and since ExtEO(QIdek,C) =0, we get by
[6, Thm. TI(1) and 1.5(3)] that cxg(Homg(Q&k,C)) = pxg(Homg(QEk,C)) = cxg(Q&k) + pxx(C) >
cxg(k). Thus, cxg(Homg(Q%k,C)) = cxg(k) = codimR.

(2) The n = d case is already covered by part (1). Now assume there exists an integer n > d such that

cxg(Homg (Qfk,C)) < oo. Applying Homg(—,C) to the exact sequence
0— Qibk — R%n1 ... 5 RPa 5 Qdr 0
and remembering Extz?(Q¢k,C) = 0, we get an exact sequence
0 — Homg (Q%k,C) — C%Pd — ... — C%Pn-1 — Hompg(Qk,C) — 0.

Since cxg(C) < o0 and cxg(Homg (Qk,C)) < oo by hypothesis, we get cxg(Homg (Q%k,C)) < oo. There-
fore R is a complete intersection by part (1). Finally, by replacing d by n in the last part of the argument
for (1), it similarly follows that cxg (Homg (Q}k,C)) = cxg(k) = codimR. O
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Corollary 4.12. Let (R,m,k) be a local ring. If there exists an integer n > depthR such that

red-pdg(Trg Qk) < 2, then R is a complete intersection of codimension at most two.

Proof. The hypothesis along with Theorem implies that R is Gorenstein. Let d = dimR. There
exists a free module F such that Q2 Trg Qk®dF = (Q}k)*. By [L1] Proposition 3.8 and Corollary 3.13],
we have red-pdg ((Qk)*) = red-pdg(Q2 Trg Qk) = red-pdg(Trg Qk) < 2. Since R is Gorenstein and
n > dimR, (Q}k)* is totally reflexive, and thus cxz((QREk)*) < 2 or cxg(Qkk) < 2 holds by Proposi-
tion Applying Proposition (with R = C), we conclude that R is a complete intersection of
codimension less than or equal to 2. ]

Corollary 4.13. Let (R, m,k) be a Gorenstein local ring of dimension d. Then, the following are equiv-

alent:

(1) R is a complete intersection of codimension at most two.
(2) For every integer n > 1, red-pdg(Qik) < 2.
(3) There exists an integer n > 1 such that red-pdg(Qxk) < 2.

Proof. (1) = (2) Follows from Corollary (2) = (3) is obvious. (3) = (1) Using [11
Corollary 3.13] we can pass to a higher syzygy to assume that there exists an integer n > d such that
red-pdg(QRk) < 2. Then Qjk is totally reflexive, and therefore proposition shows that either
ox(Qkk) <2 or cx((Q}k)*) < 2. Then Proposition implies that R is a complete intersection of
codimension less than or equal to 2. (|

We are now ready to give a proof of ¢ = 2 case of Theorem .1}

Proof of ¢ = 2 case of Theorem Note that (ii) = (iii) follows from Theorem 3.12]and (iii) = (i)
is due to Corollary[d.13] Since (i) = (ii) is clear from Corollary[4.3] this proves (i) <= (i) <= (iii).
Finally, (iv) <= (i) follows by Corollaries [4.3|and a

Now we finally give a proof of Theorem[4.2] We start with an argument on sequences of positive real

numbers.

4.14. Let ¢ > 0 be an integer. We say that a sequence {a, };_ of real numbers has polynomial growth of
degree c — 1 if it is eventually non-negative and there is a real number A > 0 such that a, < An~! for all
n > 0. Note that if {a, },—¢ has polynomial growth of degree ¢ — 1, then ,}5& an/n° = 0. For example,
for an R-module M, cx(M) < c if and only if the Betti sequence {SX(M)}:_, has polynomial growth of

degree c — 1. The following lemma is elementary.

Lemma 4.15. Let ¢ > 0 be an integer, f(t) € R[f] be a polynomial of degree ¢ — 1 with a positive
leading term and let u be a real number such that 0 < u < 1. We consider the sequence {a,};_, given
by a, = Y7_ou" ! f(1). Then {a,}:_, has polynomial growth of degree c. Furthermore, if u < 1, then

{an};_, has polynomial growth of degree ¢ — 1.

Proof. The case of u =1 is easy. We shall assume « < 1 and proceed by induction on c to show {a, };

has polynomial growth of degree ¢ — 1. If ¢ = 0, there is nothing to prove. Consider the case of ¢ > 1.
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Then
n n
an—uay =Y W' f)—u Y w T f(1) = =" f( Z A+ = F(D))+ f(n)
=0 =0

and hence

@131 tn= — { W'tf Zu’“ FU+1) f(l))+f(n)}.

1—u

Because f(z+ 1) — f() is a polynomial with a positive reading term, the induction hypothesis shows
that {Y;~ Olu" I(f(I+1)— f(I))}>_, has polynomial growth of degree ¢ —2. Thus, 1) shows
ap < 1flu(f(n) + 1) for all n > 0. Moreover, r}ilgoan/nc’l = lim f(n)/(1 - u)n¢=! > 0 yields that
{an};_, is eventually non-negative. Therefore, we are done. U

Now, we are ready to prove Theorem [4.2]

Proof of Theorem@-2} Since Bi(K) < aPiin(M)+bBi(M), cxg(K) < cxg(M). Take a real number A > 0
such that B;(K) < Ai°~! forall i > 1. Set u:=a/b.
First, consider the case of a < b i.e., u < 1. From the short exact sequence, there are inequalities

bPBivn+1(M) < it (K) +aPi(M) < AGi+1)" +api(M)

and hence we get

@2 Bt (M) < 2G4 1)1 4 ui (M)

foralli > 1.

S

Claim 1. For integers r,i > 1, we have an inequality

Ar 1
B a1y (M) < qu’ PHit L+ 1)+ 1) i Bi(M).

Proof of Claim 1. We use the induction on r. The case of = 1 is nothing but the inequality @.2[T).
Assume r > 2 and the inequality

A r—2 o B 3
B (M) < 5 Y R I+ 1)+ D) Bi(M)
1=0
holds true. Then we use the inequality @.2[T)) again, we obtain

ﬁi+r(n+l) (M>

| /\

(l Hr(n1) =n) " w11y (M)

b
= S (= 1) 1)+ D iy (M)
§2(1+(r—1)(n+1)+1)c1+u{2§urlz(i+l(n+l)+l)c1+urlﬁi(M)}
1=0
Aril —I—1/: c—1 r
=% (i+l(n+1)+ 1) +u"Bi(M),
=0

where the second inequality uses the induction hypothesis. |
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Set B:=max{f;(M) | i=1,2,...,n+ 1}. For an integer m > 2(n+ 1), write m = r(n+ 1) +i for
somei € {1,2,...,n+1} and r > 1. Then one has

r—1 r—1
Bn(M) < % Y i+ )+ D) Bi(M) < % Y i+ i+ 1)+ 1) 4B
- =0

Applying Lemma4.15]to the first term, we conclude the statements (1) and (2).

Assume that a > b i.e., u > 1. From the short exact sequence, there are inequalities

afi(M) < Bi(K) +bPini1(M) <Al +bBins1 (M)

and hence we get

@'2) Bi+n+1(M) Zuﬁi(M)—%iC—l

foralli > 1.

Claim 2. For any integers r,i > 1, we have an inequality

ﬁf+r<n+1>(M)Zur{ i IZ - 1< l(n;rl)) }

Proof of Claim 2. As in the proof of Claim|[I] we use the induction on r. The inequality holds if r = 1
by (¢.2]2). Consider the case of r > 2 and assume

ﬁi+(’*1)(n+l)(M)ZM7 { e IZ - 1( (nj—l)) }

Then using #.2[2), we obtain

Bitr(n1) (M) = uPiy (p—1)(n1) (M) — % (i+(r=D(n+ 1)

>ulu’l{ ; i 1Zu*l 1(1—1— (n+1)> H —%(i—i—(r—l)(n—kl))cfl

>ur{ clz —11<1+l(”+1)) }’

where the second inequality follows from the induction hypothesis. (|

We note that for any integers r,i > 1 the following inequalities hold:

r_Zlufu <1 + l(nfl))c_l < r_Zlu*H (a0 < Y (1t ),

=0 =0 =0

where the last sum C := Y72 qu~" =1 (14+1(n+ 1))"7l is finite as u > 1. Then we get inequalities

ﬁi+r(n+l)(M)>ur{ o 12 —l- 1< l(n;H)) }
> {pon- Abcﬂ }

by Claim 2] for any integers r,i > 1.
Now, we assume cxg(M) # cxp(K). As ¢ = cxg(K) < cxg(M), so then cxg(M) > ¢ and we now

@23)

prove cxg(M) = oo. Then there is a sufficiently large integer k such that 3, (M) > %kc ~! 4 1. Combining
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this inequality with (4.2}3), we conclude that there is an integer  such that B ,(,1)(M) > u” for any
integer r > 1. This means that cxg(M) = oo. O

Remark 4.16. Let R be a local ring and let M and N be R-modules. If fr(M,N) :=inf{j > 0 |
Ir(Exti(M,N)) < oo for all i > j} < o, then one can define
Bi(M,N) = Ig(Exty(M,N)) for all i > fzr(M,N)
and
oxg(M,N) =inf{c > 0| 3r > 0s.t. Bx(M,N) < ri (Vi > fr(M,N))}

Note, If N = k, then fr(M,k) =0, Bi(M,k) = Bs(M) is the Betti number of M, and cxg(M, k) = cxg (M)
is the complexity of M.

An argument verbatim to that of the proof of Theorem[.2]also establishes the following result:

Let

0— M 5 K— QM -0

be a short exact sequence, X an R-module such that f := fr(M,X) < o and cxg(K,X) = ¢ < oo.
(1) If a < b, then cxg(M, X ) = cxg(K, X).
(2) If a=b, then cxg(M,X) < cxp(K,X) + 1.
(3) If a > b, then either cxg(M,X) = cxg(K,X) or cxg(M,X) = oo.

Applying this to X = R and M locally free on punctured spectrum, one sees that cxg(M,R) = gexz (M)
is exactly the Gorenstein complexity, as in the notation of [3| Definition 4.1]. In this case, the above
inequalities give relations between Gorenstein complexities of modules that fit into a short exact se-
quences, and the Gorenstein complexity and red-G-dim version of Corollary .3]holds (see [3| Proposi-
tion 4.3]).
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