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ABSTRACT. In this paper we study rigid modules over commutative Noetherian local rings, establish new
freeness criteria for certain periodic rigid modules, and extend several results from the literature. Along the
way, we prove general Ext vanishing results over Cohen-Macaulay rings and investigate modules which have
zero class in the reduced Grothendieck group with rational coefficients.

1. INTRODUCTION

Throughout R denotes a commutative Noetherian local ring with maximal ideal m and residue field k, and
all R-modules are assumed to be finitely generated.

An R-module M is called rigid if Ext1R(M,M) = 0. The classification of rigid modules has been of interest
in both commutative algebra and representation theory; see, for example, [18, 21]. Work by Auslander [2],
Jothilingham [22], and Lichtenbaum [28] shows that over regular rings the only rigid modules are free
modules; see also 2.9(ii). The same result holds, according to Dao [12], over certain hypersurface rings,
such as even-dimensional simple singularities [12, 3.16] or one-dimensional domains [12, 3.3]. It came as a
surprise to us that the property of having only free rigid modules characterizes one-dimensional hypersurface
domains; see Proposition 3.1.

Unlike the regular case, the rigidity property of modules over several classes of rings remains mysterious.
In this paper, we are concerned with the following question, which is due to Dao [13, 9.1.4] for the Artinian
case and to Huneke-Wiegand [20, page 473] for the one-dimensional case:

Question 1.1. Let R be a Gorenstein local ring and let M be an R-module. Assume either R is Artinian, or
R is a one-dimensional domain and M is torsion-free. If M is rigid, then must M be free?

Question 1.1 is intriguing to us, as it is closely related to the celebrated conjecture of Auslander–Reiten
[4], which asks whether maximal Cohen–Macaulay modules M are free over Gorenstein rings R provided
that ExtiR(M,M) = 0 for all i > 0. This conjecture, as well as its special cases such as Question 1.1, is quite
subtle to tackle, but it has been intensively studied by several researchers using distinct arguments [1, 19, 23],
since the conjecture aims to understand the general structure of modules, originally over finite-dimensional
algebras. The one-dimensional case of Question 1.1 is known as the Huneke-Wiegand conjecture [20]. The
conjecture remains open even when the one-dimensional domain is a complete intersection; in fact, even
in that case the module in question is an ideal. On the other hand, the conjecture has been established in
several cases; for example, Huneke-Iyengar-Wiegand [18] recently proved that it holds over one-dimensional
Cohen-Macaulay domains of minimal multiplicity.

The aim of this paper is to make progress on Question 1.1, particularly for periodic modules. Given

an R-module M and an integer n ≥ 0, we say that M is n-periodic if M
st∼= Ωn

RM, where Ωn
RM denotes the

(minimal) nth syzygy module of M, and
st∼= denotes a stable isomorphism; that is, M

st∼= Ωn
RM if and only

if M ⊕F ∼= Ωn
RM ⊕G for some free R-modules F and G; see also Proposition ?? for a characterization of

periodic modules.
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Our work is motivated by the following result, the second part of which was proved independently by Le
[26, 2.2.22 and 2.2.24] and Toshinori Kobayashi (private communication):

Theorem 1.2. Let R be a one-dimensional Gorenstein domain, and let M be a rigid R-module.
(i) (Celikbas-Le-Matsui [9, 1.3]) If M is 2-periodic, then M is free.

(ii) (Le, Kobayashi) If M is 4-periodic, then M is free.

Our approach is to consider periodic modules in general (not necessarily of period two or four) and to
investigate conditions under which a result similar to Theorem 1.2 holds. A special case of our main theorem
in this direction can be stated as follows:

Theorem 1.3. Let R be a one-dimensional Gorenstein domain, M be an R-module, and let n ≥ 1 be an
integer. Assume the following hold:

(i) M is 2n-periodic.
(ii) ExtiR(M,M) = 0 for all i = 1,3, . . . ,2n−3.

If M is rigid, then M is free.

Theorem 1.3 recovers Theorem 1.2 in the cases n = 2 and n = 4 (note that no Ext-vanishing is assumed
in the case n = 2). In view of our result, it is also worth noting that there exist examples of 2n-periodic
modules for n ≥ 2; see, for example, [16, 3.3].

Our main result, Theorem 4.1, is more general than Theorem 1.3. The key new feature is that we consider
modules whose class is zero in the reduced Grothendieck group of R with rational coefficients; see 2.4 and
2.5 for details. We deduce Theorem 4.1, and hence Theorem 1.3, as a corollary of two general theorems,
namely Theorems 4.8 and 4.10; see also Corollaries 4.9 and 4.11. Although Theorem 4.1 is stated for
Gorenstein rings, our methods are not restricted to such rings. For example, in Theorem 4.8 we consider
certain 4-periodic modules over Cohen-Macaulay rings that need not be Gorenstein.

A consequence of our results pertaining to Question 1.1 in the Artinian case is stated as Proposition 3.2;
see also Propositions 3.4 and 3.5, and Corollary 3.6. Moreover, we provide further applications of our results
and investigate 2-periodic rigid modules over rings of arbitrary dimension; see, for example, Corollary 4.16.

2. PRELIMINARIES

This section is devoted to various preliminary definitions and results necessary for the proofs presented
in the subsequent sections.

2.1 (Transpose). Let M be an R-module and let P1
f→ P0 → M → 0 be a minimal projective presentation (that

is, part of a minimal free resolution of M). The transpose TrR M of M is the cokernel of f ∗ = HomR( f ,R),
and hence is given by the following exact sequence; see [3].

0 → M∗ → P∗
0

f ∗→ P∗
1 → TrR M → 0.

Note that TrR M is uniquely determined (since so is a minimal free resolution of M). Moreover, we have:

(2.1.1) M∗ st∼= Ω
2
R TrR M and TrR TrR M

st∼= M so that (TrR M)∗
st∼= Ω

2
RM.

2.2 (Cosyzygy). Let M be an R-module and let { f1, f2, . . . , fs} be a minimal generating set of M∗. Let
δ : R⊕s ↠ M∗ be the morphism defined by δ (ei) = fi for i = 1,2, . . . ,s, where {e1,e2, . . . ,es} is the standard
basis for R⊕s. Then, composing the natural map M → M∗∗ with δ ∗, we obtain the exact sequence:

M u→ R⊕s → M1 → 0,

where u(x) = ( f1(x), f2(x), . . . , fs(x)) for all x ∈ N. Then the morphism u is a pushforward (or a left projec-
tive approximation) in the sense that the dual u∗ : R⊕s → M∗ is surjective. Note that such a construction is
unique, up to a non-canonical isomorphism; see, for example, [15, page 62]. We call M1 the cosyzygy of M
and denote it by Ω

−1
R M.

The following properties hold:
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(i) If M is torsionless, that is, if the natural map M → M∗∗ is injective, then the map u is also injective.
So, if M is torsionless, we have a short exact sequence of the form:

0 → M u→ R⊕s → Ω
−1
R M → 0.

(ii) It follows by construction that Ext1R(Ω
−1
R M,R) = 0. Thus TrR Ω

−1
R M

st∼= ΩR TrR M; see [3, 3.9]. Hence,

by setting Ω
−i
R M = Ω

−1
R

(
Ω

−(i−1)
R M

)
for i ≥ 2, we have that Ω

−i
R M

st∼= TrΩi
R TrR M for all i ≥ 1.

(iii) It follows that Ω
−i
R TrR M

st∼= TrR Ωi
R TrR TrR M

st∼= TrR Ωi
RM for all i ≥ 0.

(iv) If M is totally reflexive, then Ωm
R Ωn

RM
st∼= Ω

m+n
R M for each integer m and n.

2.3. Let M be an R-module. Then M is said to have rank (respectively, M is said to be generically free) if
and only if that there is an integer r ≥ 0 such that Mp

∼= R⊕r
p (respectively, Mp is a free Rp-module) for all

p ∈ Ass(R). For example, if R is a domain or M has finite projective dimension, then M has rank.

2.4 (Grothendieck Group). The Grothendieck group of the category of all R-modules is defined as

G(R) =

⊕
[X ]∈ΓZ · [X ]〈

[X ]− [X ′]− [X ′′] | 0 → X ′ → X → X ′′ → 0 is an exact sequence of R-modules
〉

where Γ is a set of isomorphism classes of all R-modules.
We denote the reduced Grothendieck group by G(R) = G(R)/Z · [R] and the reduced Grothendieck group

of R with rational coefficients by G(R)Q = (G(R)/Z · [R])⊗ZQ; see, for example, [12]. Given an R-module
M, we also denote the class of M in G(R)Q by [M].

2.5. We need the following properties in the sequel:
(i) If N is an R-module, then [N] = 0 in G(R)Q provided that N is a syzygy of a finite length R-module.

Therefore, if R is Artinian, then G(R)Q = 0; see [7, 2.5].
(ii) Assume R has dimension one and M is an R-module which has rank. Then the torsion-free part M of

M has rank and so there is an exact sequence of R-modules 0 → M → F →C → 0, where F is free and
C is a module of finite length. As [F ] and [C] are both zero in G(R)Q, so is [M]; see part (i). It follows
from the exact sequence 0 → T → M → M → 0 that [M] = 0 in G(R)Q because the torsion submodule
T of M has finite length. This argument shows that, if R is a one-dimensional domain, then G(R)Q = 0.

(iii) If R is a two-dimensional normal domain with torsion class group, then G(R)Q = 0; see [7, 2.5].
(iv) If R is Gorenstein and M is an R-module such that Mp is a maximal Cohen-Macaulay Rp-module for all

p ∈ Spec(R)−{m}, then [M] = 0 in G(R)Q if and only if [M∗] = 0 in G(R)Q if and only if [TrR M] = 0
in G(R)Q; see [9, 2.17].

2.6. A reflexive R-module M is called totally reflexive if ExtiR(M,R) = ExtiR(M
∗,R) = 0 for all i > 0; see [3].

Let M and N be totally reflexive R-modules. Given n ≥ 1, it follows that:

ExtnR(M,N)∼= ExtnR(N
∗,M∗)∼= ExtnR(TrR N,TrR M).

Moreover, for all n ≥ 1 and all j ∈ Z such that n > j, we have:

Extn− j
R (M,N)∼= ExtnR(M,Ω j

RN).

2.7. An R-module M is said to be a vector bundle if Mp is a free Rp-module for all p ∈ Spec(R)−{m}.

2.8. We say that a pair of R-modules (M,N) is Tor-rigid if it satisfies the following property: whenever
TorR

n (M,N) = 0 for some integer n ≥ 0, it follows that TorR
i (M,N) = 0 for all i ≥ n. An R-module M is said

to be Tor-rigid if the pair (M,N) is Tor-rigid for every R-module N.
Although modules that are not Tor-rigid are abundant, every module is Tor-rigid over a regular ring [2, 28].

2.9. Let M be an R-module.
(i) If TorR

1 (M,TrR M) = 0, then M is free; see [32, 3.9].
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(ii) If M is rigid (that is, Ext1R(M,M) = 0) and the pair (M,TrR ΩRM) is Tor-rigid, then M is free. Similarly,
if ExtnR(M,M) = 0 for some n ≥ 0 and M is Tor-rigid, then pdR(M)< n; see, for example, [13, 3.1.2]

(iii) In view of [3, 2.6] there is an exact sequence of R-modules

0 → TorR
2 (M,TrR M)→ M⊗R M∗ → HomR(M,M)→ TorR

1 (M,TrR M)→ 0.

Assume depthR(M⊗R M∗)≥ 1 and TorR
2 (M,TrR M) has finite length. Then TorR

2 (M,TrR M) = 0 due to
the injection TorR

2 (TrR M,M) ↪→ M⊗R M∗.

Recall that (TrR M)∗
st∼= Ω2

RM; see (2.1.1). Hence, as before, if depthR(TrR M ⊗R Ω2
RM) ≥ 1 and

TorR
2 (M,TrR M) has finite length, it follows that TorR

2 (M,TrR M) = 0.
(iv) Assume depthR(M) ≥ 1. If ExtiR(TrR M,R) has finite length for some i ≥ 1, for example, if M is a

vector bundle, then HomR(ExtiR(TrR M,R),M) = 0.
(v) It follows from [3] that, for each i ≥ 0, there is an exact sequence of the form

0 → Ext1R(Ω
−i
R M,M)→ TorR

i (TrR M,M)→ HomR(ExtiR(TrR M,R),M).

(vi) Let R be a d-dimensional Cohen-Macaulay ring with canonical module ωR, and let M and N be R-
modules. Assume M is a vector bundle and N is maximal Cohen-Macaulay. Then ExtiR(M,N) = 0 for
all i = 1, . . . ,d if and only if M ⊗R N† is maximal Cohen-Macaulay; see [17, 2.3], and also [19, 5.9]
for the Gorenstein case.

Since we are primarily concerned with periodic modules, Proposition 2.11 is worth recording. Note that
the first part of the proposition generalizes the fact that the syzygy modules of maximal Cohen-Macaulay
modules over Cohen-Macaulay rings have no nonzero free summands; see, for example, [25, 2.2].

2.10. If M is an R-module, then the depth lemma shows that depthR(Ω
j
RM)≥ inf

{
depth(R),depthR(M)+ j

}
for all j ≥ 0. Therefore, if depthR(M)≥ depth(R), then depthR(ΩRM)≥ depth(R).

Proposition 2.11. Let M be an R-module.
(i) If depthR(M)≥ depth(R), then Ωi

RM has no nonzero free summand for all i ≥ 1.
(ii) Assume M has no nonzero free summand. If n ≥ 1 is an integer, then

M is n-periodic if and only if M ∼= Ω
n
RM.

Proof. Assume depthR(M)≥ depth(R). To prove part (i), it suffices to show that ΩRM has no nonzero free
summand; see 2.10.

Suppose ΩRM has a nonzero free summand so that ΩRM ∼= K ⊕R for some R-module K. It follows that
depthR(ΩRM) = min{depthR(K),depth(R)}, and hence depthR(K)≥ depth(R); see 2.10.

Consider a minimal syzygy exact sequence 0 → K ⊕R
(α,β )−−−→ R⊕a π−→ M → 0, where a = µR(M). This

yields a commutative diagram

0 // K ⊕R
(α,β )

// R⊕a π // M // 0

0 // R
β

//

(
0
1

)OO
R⊕a // cokerβ //

γ

OO

0

where the rows are short exact sequences and γ is surjective. Moreover, it follows by the snake lemma that
ker(γ)∼= K. So, the depth lemma implies that depthR(cokerβ )≥ min{depthR(M),depthR(K)} ≥ depth(R).
As pdR

(
cokerβ

)
< ∞ and depthR(cokerβ ) ≥ depth(R), the Auslander-Buchsbaum formula shows that

cokerβ is free, that is, cokerβ ∼= R⊕(a−1). Since γ is surjective, this contradicts the fact that µR(M) = a.
Consequently, ΩRM has no nonzero free summand.

To prove part (ii), assume that M has no nonzero free summand and is n-periodic for some n ≥ 1. Then,
since M has no nonzero free summand, we have M⊕R⊕a ∼= Ωn

RM for some a ≥ 0; see [27, 1.10 and 1.15].
Suppose a > 0 and seek a contradiction.
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Since M⊕R⊕a ∼= Ωn
RM, it follows from 2.10 that

inf{depthR(M),depth(R)}= depthR(M⊕R⊕a) = depthR(Ω
n
RM)≥ inf{depth(R),depthR(M)+n}

This inequality implies that depthR(M)≥ depth(R) since n ≥ 1. Now, we use part (i) and conclude that Ωn
RM

has no nonzero free summand. So, a = 0, which is a contradiction. This completes the proof of the second
part. □

3. SOME AUXILIARY RESULTS FROM OUR ARGUMENTS

The aim of this section is to prove certain results that arose while we were working toward Theorem 4.1.
More precisely, we establish Propositions 3.1 and 3.2, both of which were mentioned in the introduction.
Proposition 3.1 characterizes one-dimensional complete reduced hypersurface rings in terms of rigid mod-
ules, while Proposition 3.2 summarizes our result concerning Question 1.1 in the Artinian case. We begin
with the proof of Proposition 3.1.

Proposition 3.1. Let R be a one-dimensional complete reduced hypersurface ring. Then R is a domain if
and only if each rigid R-module is free.

Proof. Assume R is a one-dimensional hypersurface domain. Then each R-module is Tor-rigid [12, 3.3] so
that 2.9(ii) shows that rigid modules are free. Hence it suffices to prove the converse implication.

Let R = S/( f ) for some complete two-dimensional regular local ring (S,n) and an element 0 ̸= f ∈ n.
We can write f = p1 · · · pn for some n ≥ 1, where each pi are prime elements in S. Furthermore, (pi) and
(p j) are distinct ideals of S for distinct i and j since R is reduced.

Suppose R is not a domain. Then n > 1. Set p = p1 and q = p2 · · · pn so that R = S/(pq). Then the
minimal free resolution of the R-module M = R/(p) is · · · → R

p−→ R
q−→ R

p−→ R → 0. It follows that M is rigid
since Ext1R(M,M) ∼= Ker(M

q−→ M) = 0. As M is not free, this provides a contradiction of our assumption.
Consequently, n = 1 and R is a domain. □

Next is a summary of our results regarding the Artinian case of Question 1.1.

Proposition 3.2. Let M be a rigid R-module. Then M is free if at least one of the following holds:
(i) R is Artinian and M is 2-periodic.

(ii) R has depth zero and M
st∼= Ωn

RI for some totally reflexive ideal I of R and integer n ≥ 0.

The first part of Proposition 3.2 is a quick application of the next fact, proved in [9], while the second
part follows from Corollary 3.6.

3.3 ([9, 3.5]). Let M and N be R-modules. Assume the following conditions hold:
(i) [N] = 0 in G(R)Q.

(ii) pdRp
(Mp)< ∞ for all p ∈ Spec(R)−{m}.

(iii) M is 2-periodic.
Then the pair (M,N) is Tor-rigid.

The following establishes Proposition 3.2(i):

Proposition 3.4. Let R be an Artinian ring and let M be a 2-periodic R-module. If Ext j
R(M,M) = 0 for some

j ≥ 0, then M is free.

Proof. As R is Artinian, it follows that G(R)Q = 0; see 2.5(i). Therefore, since M is a 2-periodic R-module,
we conclude from 3.3 that M is Tor-rigid; see 2.8. Thus, due to 2.9(ii), if Ext j

R(M,M) = 0 for some j ≥ 0,
then M is free. □

As a corollary of the next result, we prove the second part of Proposition 3.2; see Corollary 3.6.

Lemma 3.5. Let I and J be ideals of R such that I ⊆ J. Assume Ext1R(R/I,R) = Ext1R(I,J) = 0. Then:
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(i) HomR(I,R/J) = 0.
(ii) If depthR(R/J) = 0, then I = 0.

Proof. (i) As Ext1R(I,J) = 0, the natural exact sequence 0 → J −→ R → R/J → 0 induces the exact sequence

0 → HomR(I,J)
ξ−→ HomR(I,R) → HomR(I,R/J) → 0. Similarly, since Ext1R(R/I,R) = 0, it follows from

the natural exact sequence 0 → I α−→ R → R/I → 0 that α∗ : R∗ → I∗ is surjective.
Let f ∈ I∗. As α∗ is surjective, f factors through α , that is, there exists c ∈ R such that f = c ·α . Now

define a map g : I → R given by g(x) = c · x for all x ∈ I. Then g ∈ HomR(I,J) since I ⊆ J. Therefore
f = ξ (g) and so ξ is surjective. This implies that HomR(I,R/J) = 0.

(ii) We know by part (i) that HomR(I,R/J) = 0. So [5, 1.2.3] implies that there exists a non zero-divisor
on R/J which is contained in annR(I). As depthR(R/J) = 0, this yields a contradiction if annR(I) ⊆ m. So
annR(I) = R, that is, I = 0. □

Corollary 3.6. Let R be a ring such that depth(R) = 0 and let I and J be ideals of R. Assume I and J are
totally reflexive as R-modules and I ⊆ J. If Ext1R(Ω

n
RI,Ωn

RJ) = 0 for some n ∈ Z, then I = 0.

Proof. Note that Ext1R(R/I,R) = 0 and depthR(R/J) = depth(R) since R/I and R/J are totally reflexive R-
modules. Moreover, it follows that Ext1R(I,J)∼= Ext1R(Ω

n
RI,Ωn

RJ) = 0; see 2.6. Hence, by Lemma 3.5(ii), we
have that I = 0. □

In passing let us note that Corollary 3.6 recovers the following result of Lindo; see [29, 3.9]:

Corollary 3.7. Let R be an Artinian Gorenstein ring and let M
st∼= Ωn

RI for some n ∈ Z. If Ext1R(M,M) = 0,
then M is free.

4. MAIN THEOREM AND ITS PROOF

In this section, we state our main theorem and provide its proof. The following is our main result; see 2.4
and 2.5 for details on the Grothendieck group.

Theorem 4.1. Let R be a d-dimensional Gorenstein ring, M be a generically free R-module, and let n ≥ 1.
Assume the following conditions hold:

(i) [M] = 0 in G(R)Q.
(ii) M is 2n-periodic.

(iii) ExtiR(M,M) = 0 for all i = 1,3, . . . ,2n−3.
Then M is free if at least one the following holds:
(1) Ext2n−1

R (M,M) = 0.
(2) M⊗R M∗ is torsion-free.
(3) ExtiR(M,M) = 0 for all i = 1,2, . . . ,max{1,d}.

Our motivation for proving Theorem 4.1 comes from the following facts and observations, which we
discuss next. The conclusion of Theorem 1.2 holds for modules that have rank, even if the ring is not a
domain. More precisely, let R be a one-dimensional Gorenstein ring, and let M be a 4-periodic rigid R-
module with rank. Then the arguments of Le and Kobayashi show that M is free; see also [9, 1.3]. Note
that such a module M is generically free and satisfies [M] = 0 in G(R)Q; see 2.3, 2.4, and 2.5(ii). Motivated
by this observation, we generalize the above fact by replacing the hypothesis “M has rank" with the weaker
hypothesis “M is generically free and has zero class in the reduced Grothendieck group." This also explains
how Theorem 1.3 follows immediately from Theorem 4.1.

Regarding the distinction between having rank and having zero class in the Grothendieck group, note that
over a one-dimensional reduced ring, an R-module has rank if and only if its class is zero in G(R)Q; see [6,
A.1.]. However, this equivalence can fail over rings that are not reduced. For example, if R = k[[x,y]]/(x2)
and M = R/(x), then [M] = 0 in G(R)Q, but M does not have rank; see Example 4.12(i) and [6, A.2.].
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We present the proof of Theorem 4.1 in two subsections. In the first subsection, we prove the third part of
the theorem; see also Theorem 4.8. The remaining parts of Theorem 4.1 are proved in the second subsection,
whose main result is Theorem 4.10.

Proof of part (3) of Theorem 4.1. In this section we give a proof of part (3) of Theorem 4.1; the result
follows as an immediate corollary of Theorem 4.8. First we need to make several preparations.

Proposition 4.2. Let M and N be R-modules. Assume:
(i) [M∗] = 0 in G(R)Q.

(ii) M is generically free.
(iii) M is 2-periodic and rigid.
Then M is free.

Proof. We may assume, by induction on the dimension of R, that dim(R) > 0 and M is a vector bundle.
Hence, by 2.9(ii) and 3.3, it is enough to see that [TrR ΩRM] = 0 in G(R)Q, or equivalently [(ΩRM)∗] = 0 in
G(R)Q. Note that Ext1R(M,R) has finite length since M is a vector bundle. Therefore, [Ext1R(M,R)] = 0 in
G(R)Q. So, by dualizing the syzygy exact sequence 0 → ΩRM → F → M → 0, we see that [(ΩRM)∗] = 0 in
G(R)Q if and only if [M∗] = 0 in G(R)Q. Thus [TrR ΩRM] = 0 in G(R)Q as we assume [M∗] = 0. □

Corollary 4.3. Let R be a Gorenstein ring and let M and N be R-modules. Assume:
(i) [M] = 0 in G(R)Q.

(ii) M is generically free.
(iii) M is 2-periodic and rigid.
Then M is free.

Proof. Note that M is maximal Cohen-Macaulay since M is 2-periodic. Therefore, [M∗] = 0 in G(R)Q; see
2.5(iv). Thus M is free by Proposition 4.2. □

4.4. Let R be a Cohen-Macaulay ring with a canonical module ωR and let M be a totally reflexive R-module.
Then TorR

i (M,ωR) = 0 for all i > 0 and M⊗R ωR is maximal Cohen-Macaulay; see, for example, [31, 2.11].

In the following (−)† denotes HomR(−,ωR).

Lemma 4.5. Let R be a Cohen-Macaulay ring with a canonical module ωR, and let M and N be totally
reflexive R-modules. Then the following hold:

(i) (TrR M)† ∼= Ω2
RM⊗R ωR.

(ii) ExtiR(M,N)∼= ExtiR(M⊗R ωR,N ⊗R ωR) for all i ≥ 0.

Proof. In the proof we make use of the fact that TorR
i (M,ωR) = 0 for all i > 0; see 4.4.

(i) Take a minimal presentation of M, say F1
f−→ F0 → M → 0. By dualizing this presentation, we get the

following exact sequence:

0 → M∗ → F∗
0

f ∗−→ F∗
1 → TrR M → 0(4.5.1)

Then, by applying (−)† to (4.5.1), we get the exact sequence

0 → (TrR M)† → F∗†
1

f ∗†

−−→ F∗†
0 → M∗† → 0(4.5.2)

since TrR M is totally reflexive, and hence is maximal Cohen-Macaulay.
Recall that TorR

i (M,ωR) = 0 for all i > 0. Hence, by applying −⊗R ωR to the short exact sequence

0 → Ω2
RM → F1

f−→ F0 → M → 0, we obtain the exact sequence:

0 → Ω
2
RM⊗R ωR → F1 ⊗R ωR

f⊗1−−→ F0 ⊗R ωR → M⊗R ωR → 0.(4.5.3)
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Note that there is a commutative diagram as:

F∗†
1

f ∗†
//

∼=
��

F∗†
0

∼=
��

F1 ⊗R ωR
f⊗1
// F0 ⊗R ωR

Therefore, in view of (4.5.2) and (4.5.3), we conclude that:

(TrR M)† ∼= Ker(F∗†
1

f ∗†

−−→ F∗†
0 )∼= Ker(F1 ⊗R ωR

f⊗1−−→ F0 ⊗R ωR)∼= Ω
2
RM⊗R ωR.

(ii) As TorR
i (M,ωR) = 0 for all i > 0, the following isomorphisms hold in the derived category of R-

modules:

RHomR(M⊗R ωR,N ⊗R ωR)≃ RHomR(M⊗L
R ωR,N ⊗L

R ωR)

≃ RHomR
(
M,RHomR(ωR,N ⊗L

R ωR)
)

≃ RHomR(M,N),

where the second and the third isomorphisms follow from [10, A.4.21] and [10, 4.2.6], respectively. This
establishes the required isomorphism of Ext modules. □

4.6. Let R be a Cohen-Macaulay ring with a canonical module ωR and let X and Y be R-modules. If Y is
maximal Cohen-Macaulay, then X ⊗R Y is maximal Cohen-Macaulay if and only if Y † ⊗R TrR X is maximal
Cohen-Macaulay; see [24, 2.2].

Lemma 4.7. Let R be a d-dimensional Cohen-Macaulay ring with a canonical module ωR, and let M and N
be R-modules. Assume the following hold:

(i) M and N are vector bundles.
(ii) M is totally reflexive.

(iii) N is maximal Cohen-Macaulay
Then ExtiR(N,Ω2

RM⊗R ωR) = 0 for all i = 1,2, . . . ,d if and only if ExtiR(M,N) = 0 for all i = 1,2, . . . ,d.

Proof. Note that TrR M is totally reflexive so that (TrR M)† is maximal Cohen-Macaulay. We have the
following implications:

ExtiR(M,N) = 0 for all i = 1, . . . ,d ⇐⇒ M⊗R N† is maximal Cohen-Macaulay
⇐⇒ N ⊗R TrR M is maximal Cohen-Macaulay

⇐⇒ ExtiR
(
N,(TrR M)†)= 0 for all i = 1,2, . . . ,d

⇐⇒ ExtiR(N,Ω2
RM⊗R ωR) = 0 for all i = 1,2, . . . ,d

Here the first implication holds by 2.9(vi) since M is a vector bundle and N is maximal Cohen-Macaulay;
the second implication holds by 4.6 since N† is maximal Cohen-Macaulay; the third implication holds by
2.9(vi) since N is a vector bundle and (TrR M)† is maximal Cohen-Macaulay, and the fourth implication
holds by Lemma 4.5(i) since M is totally reflexive. □

Next is the main result of this section; its Gorenstein case establishes part (3) of Theorem 4.1.

Theorem 4.8. Let R be a d-dimensional Cohen-Macaulay local ring with a canonical module ωR, and let
M be an R-module. Assume:

(i) Rp is Gorenstein for all p ∈ Spec(R)−{m}.
(ii) M is 2n-periodic and ExtiR(M,M) = 0 for all i = 1,3, . . . ,2n−3 and for some integer n ≥ 2.

(iii) M is generically free, totally reflexive, and [M∗] = 0 in G(R)Q.
(iv) ExtiR(M,M⊗R ωR) = 0 for all i = 1,2, . . . ,d.

Then M is free.
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Proof. As M is generically free, we may assume, by induction on the dimension of R, that R has positive
dimension and M is a vector bundle.

Letting N = M⊗R ωR, in view of 4.4, we conclude from Lemma 4.7 that ExtiR(M⊗R ωR,Ω
2
RM⊗R ωR) = 0

for all i = 1, . . . ,d. Now, Lemma 4.5(ii) yields ExtiR(M,Ω2
RM) = 0 for all i = 1,2, . . . ,d. As M is 2n-

periodic, it follows that ExtiR(M,Ω2
RM) = 0 for all i = 2n+ 1,2n+ 2, . . . ,2n+ d. Note that, since M is

totally reflexive, we have ExtiR(M,R) = 0 for all i > 0. Thus, we conclude that ExtiR(M,M) = 0 for all
i = 2n− 1,2n, . . . ,2n+ d − 2. As we assume ExtiR(M,M) = 0 for all i = 1,3, . . . ,2n− 3, it follows that
ExtiR(M,M) = 0 for each odd integer i such that 1 ≤ i ≤ 2n+d −2.

Set X = M⊕Ω2
RM⊕·· ·⊕Ω

2n−2
R M. Then X is generically free, rigid, 2-periodic, and [X∗] = 0 in G(R)Q.

Thus, by Proposition 4.2, X is free. Therefore, M is free. □

Next we give a corollary of Theorem 4.8; the case where d = 1 and n = 2 of the corollary yields a proof
of Theorem 1.2.

Corollary 4.9. Let R be a d-dimensional Gorenstein local ring and let M be an R-module. Assume:

(i) M is 2n-periodic for some integer n such that 1 ≤ n ≤ (d +3)/2.
(ii) M is generically free and [M] = 0 in G(R)Q.

(iii) ExtiR(M,M) = 0 for all i = 1,2, . . . ,d.

Then M is free.

Proof. It follows from our assumption that 2n−3 ≤ d. Hence the claim follows from Theorem 4.8. □

Proof of parts (1) and (2) of Theorem 4.1. In this subsection we prove parts (1) and (2) of Theorem 4.1;
this is a direct consequence of Corollary 4.11. We also make an observation in Proposition 4.16 on periodic
modules that is related to Question 1.1.

The following theorem is the main result of this section:

Theorem 4.10. Let M be an R-module. Assume:

(i) [M∗] = 0 in G(R)Q.
(ii) M is generically free.

(iii) TrR M is 2n-periodic for some n ≥ 1.
(iv) Ext1R(Ω

−i
R M,M) = 0 for all i = 4,6, . . . ,2n.

Then M is free if either (1) or (2) holds:

(1) (a) M is a vector bundle.
(b) Either depthR(M)≥ 1 and Ext1R(Ω

−2
R M,M) = 0, or depthR(M⊗R M∗)≥ 1 and ExtiR(TrR M,R) = 0

for all i = 4,6, . . . ,2n.
(2) (a) R has no embedded primes.

(b) Ω2
RM⊗R TrR M is torsion-free.

(c) Ext1R(TrR M,R) = 0 or ExtiR(TrR M,R) = 0 for all i = 4,6, . . . ,2n.

We defer the proof of Theorem 4.10 and next discuss the following consequence of it.

Corollary 4.11. Let M be a totally reflexive R-module. Assume:

(i) [M] = 0 in G(R)Q.
(ii) M is generically free.

(iii) M is 2n-periodic for some n ≥ 1.
(iv) ExtiR(M,M) = 0 for all i = 1,3, . . . ,2n−3.

Then M is free if at least one the following holds:

(1) M is a vector bundle and Ext2n−1
R (M,M) = 0.

(2) R has no embedded primes and M⊗R M∗ is torsion-free.
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Proof. Set N = TrR M. Then it suffices to show that N is free; see (2.1.1). Also, by our assumptions, we
have that N is generically free, TrR N is 2n-periodic, and [N∗] = 0 in G(R)Q; see (2.1.1).

Given an integer i ≥ 1, we have the following isomorphisms:

Ext1R(Ω
−i
R N,N)∼= Ext1R(Ω

−i
R TrR M,TrR M)

∼= Ext1R(TrR Ω
i
RM,TrR M)

∼= Ext1R(M,Ωi
RM)

∼= Ext1R(Ω
2n
R M,Ωi

RM)(4.11.1)
∼= Ext2n+1

R (M,Ωi
RM)

∼= Ext2n−i+1
R (M,M)

Here, in (4.11.1), the second isomorphism follows from 2.2(iii), namely since Ω
−i
R TrR M ∼= TrR Ωi

RM, the
third and the sixth isomorphisms follow from 2.6, and the forth isomorphism holds since M is 2n-periodic.
Hence, Ext1R(Ω

−i
R N,N) = 0 for all i = 4,6, . . . ,2n since ExtiR(M,M) for all i = 1,3, . . . ,2n−3. Consequently,

N satisfies conditions (i), (ii), (iii), and (iv) of Theorem 4.10.
Now assume (1) holds. Then N is a vector bundle since so is M. As M is generically free, we may

assume depth(R) ≥ 1. Thus, depthR(N) = depth(R) ≥ 1 because N is totally reflexive. As we assume
Ext2n−1

R (M,M) = 0, (4.11.1) implies that Ext1R(Ω
−2
R N,N) = 0. So, N is free due to part (1) of Theorem 4.10.

Next assume (2) holds. Then Ω2
RN ⊗R TrR N is torsion-free since it is isomorphic to a finite direct sum of

copies of M∗⊗R M, M, M∗ and free R-modules; see (2.1.1). As TrR N
st∼= M is totally reflexive, we have that

ExtiR(TrR N,R) = 0 for all i ≥ 1. Hence, N is free due to part (2) of Theorem 4.10. □

Proof of Parts (1) and (2) of Theorem 4.1. First assume Ext2n−1
R (M,M) = 0. We may assume, by induction

on d, that M is a vector bundle. Hence, M is free by Corollary 4.11(1).
Next assume M ⊗R M∗ is torsion-free. As R is Gorenstein, it has no embedded primes so that M is free

by Corollary 4.11(2). □

The hypothesis that M is generically free, or [M] = 0 in G(R)Q, is necessary for Corollary 4.11. We
highlight this fact with the next examples:

Example 4.12.
(i) Let R = k[[x,y]]/(x2) and M = R/(x). Then M is nonfree, 2-periodic, rigid, and [M] = 0 in G(R)Q.

Moreover, p= (x) ∈ Ass(R) and Mp is not free over Rp. Hence, M is not generically free.
(ii) Let R = k[[x,y]]/(xy) and M = R/(x). Then M is nonfree, 2-periodic, and rigid. Moreover, M is

generically free since R is reduced. On the other hand, [M] ̸= 0 in G(R)Q: One way to see this is to
set N = R/(y), note TorR

1 (M,N) = 0 ̸= TorR
2 (M,N), and use [12, 2.8 and 3.1] (in fact it follows that

G(R) = Z · [M]⊕Z · [N] and G(R) = Z · [M]).

Next we prepare a lemma and subsequently use it to prove Theorem 4.10.

Lemma 4.13. Let M be an R-module and let n ≥ 1. Assume:
(i) [M∗] = 0 in G(R)Q.

(ii) M is generically free. .
(iii) TrR M is 2n-periodic.
(iv) TorR

i (M,TrR M) = 0 for all i = 2,4, . . . ,2n.
Then M is free.

Proof. We may assume, by induction on the dimension of R, that R has positive dimension and Mp is free
for all p ∈ Spec(R)−{m}. Set X = TrR M⊕Ω2 TrR M⊕Ω4 TrR M⊕·· ·⊕Ω2n−2 TrR M. Then X is 2-periodic
since TrR M is 2n-periodic. Note also that pdRp

(Xp) < ∞ for all p ∈ Spec(R)−{m} and [X ] = 0 in G(R)Q.
Hence, it follows from 3.3 that the pair (X ,M) is Tor-rigid.
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Suppose TorR
i (TrR M,M) = 0 for all i = 2,4, . . . ,2n. Then TorR

2 (X ,M) = 0, and so TorR
3 (X ,M) = 0

since (X ,M) is Tor-rigid. Note that TorR
1 (M,TrR M) ∼= TorR

1 (Ω
2n
R TrR M,M) ∼= TorR

3 (Ω
2n−2 TrR M,M), and

TorR
3 (Ω

2n−2 TrR M,M) = 0 as it is a direct summand of TorR
3 (X ,M). Consequently TorR

1 (M,TrR M) = 0 and
so M is free; see 2.9(i). □

Next is the proof of the main result of this section:

Proof of Theorem 4.10.
(1) In view of Lemma 4.13, it suffices to prove TorR

i (M,TrR M) = 0 for all i = 2,4, . . . ,2n. Assume
first depthR(M) ≥ 1 and Ext1R(Ω

−2
R M,M) = 0. Note that ExtiR(TrR M,R) has finite length for each i ≥ 1

since M is a vector bundle. Thus HomR(ExtiR(TrR M,R),M) = 0 for all i ≥ 1; see 2.9(iv). As we assume
Ext1R(Ω

−i
R M,M) = 0 for all i = 2,4, . . . ,2n, the exact sequence 2.9(v) yields TorR

i (M,TrR M) = 0 for all
i = 2,4, . . . ,2n.

Next assume depthR(M ⊗R M∗) ≥ 1 and ExtiR(TrR M,R) = 0 for all i = 4,6, . . . ,2n. As we assume
Ext1R(Ω

−i
R M,M) = 0 for all i = 4, . . . ,2n, the exact sequence 2.9(v) yields the vanishing of TorR

i (M,TrR M)
for all i = 4,6, . . . ,2n. Note that TorR

2 (M,TrR M) has finite length as M is a vector bundle. So 2.9(iii)
implies that TorR

2 (M,TrR M) = 0 as depthR(M ⊗R M∗) ≥ 1. Hence we obtain TorR
i (M,TrR M) = 0 for all

i = 2,4, . . . ,2n.
(2) Set d = dim(R). If d = 0, then depth(R) = 0 and so M is free since M is generically free. Due to

our assumption in part (a), the localization of a torsion-free module is torsion-free; see [14, 3.8]. Hence,
by induction on d, we may assume M is a vector bundle and depth(R) ≥ 1. Then 2.9(iii) implies that
TorR

2 (M,TrR M) = 0 since depthR(Ω
2
RM⊗R TrR M)≥ 1.

Assume Ext1R(TrR M,R) = 0. Then M is torsionless so that depthR(M) ≥ 1. Moreover 2.9(v) yields an
injection Ext1R(Ω

−2
R M,M) ↪→ TorR

2 (TrR M,M), which implies that Ext1R(Ω
−2
R M,M) = 0. Therefore, M is free

by part (1) of the theorem.
Next assume ExtiR(TrR M,R) = 0 for all i = 4,6, . . . ,2n. Then 2.9(v) shows that TorR

i (M,TrR M) = 0
for all i = 4,6, . . . ,2n because we assume the vanishing of Ext1R(Ω

−i
R M,M) = 0 for all i = 4,6, . . . ,2n. As

TorR
2 (M,TrR M) = 0, we conclude that TorR

i (M,TrR M) = 0 for all i = 2,4, . . . ,2n. Consequently, M is free
by Lemma 4.13. □

We proceed to prove the extension of [9, 1.3] mentioned in the introduction; see Proposition 4.16. First
we prepare a lemma.

Lemma 4.14. Assume depth(R) ≥ 1 and let M be an R-module. Assume M is totally reflexive R-module
which is t-periodic for some t ≥ 2. If Extt−1

R (M,M) = 0, then depthR(M⊗R M∗)≥ 1. Also, if M is a vector
bundle and depthR(M⊗R M∗)≥ 1, then Extt−1

R (M,M) = 0.

Proof. Note that Extt−1
R (M,M)∼= Ext1R(Ω

t−2
R M,M)∼= Ext1R(Ω

−2
R M,M) since M is t-periodic. Note also that

Ext2R(TrR M,R) = 0 since M is reflexive. Hence, by letting i = 2, we obtain from the exact sequence in 2.9(v)
that Extt−1

R (M,M)∼= TorR
2 (TrR M,M).

It follows that depthR
(

HomR(M,M)
)
≥ 1 since depthR(M) = depth(R) ≥ 1. Hence the claims follow

from the exact sequence in 2.9(iii). □

Corollary 4.15. Let M be a totally reflexive R-module which is a vector bundle and 2n-periodic for some
n ≥ 1. Assume depth(R)≥ 1. Assume further:

(i) [M] = 0 in G(R)Q.
(ii) depthR(M⊗R M∗)≥ 1

(iii) ExtiR(M,M) = 0 for all i = 1,3, . . . ,2n−3.

Then M is free.

Proof. We have, by Lemma 4.14, that Extt−1
R (M,M) = 0. So, the claim follows from Corollary 4.11(1). □
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Proposition 4.16. Let R be a Gorenstein local ring and let M be a 2-periodic R-module. Assume M is
generically free and [M] = 0 in G(R)Q. If M⊗R M∗ is torsion-free, then M is free.

Proof. We proceed by induction on the dimension d of R. There is nothing to prove if d = 0. We may
assume, by the induction hypothesis, that d ≥ 1 and M is a vector bundle. Then Corollary 4.15 implies that
M is free; see 2.5(iv). □

Note that Proposition 4.16 follows from Corollary 4.3 when R is one-dimensional; see 2.9(vi). Note also
that the conclusion of the proposition can fail if the module in question is not 2-periodic:

Example 4.17 ([8, 3.5]). Let R = k[[x,y,z]]/(xy− z2). Then R is a two-dimensional normal domain and
G(R)Q = 0; see 2.5(iii). If I is the ideal of R generated by x and y, then I∗ ∼= R so that I ⊗R I∗ ∼= I is
torsion-free. Moreover, pdR(I) = 1, I is not a periodic R-module, and Ext1R(I, I) ̸= 0.
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