ON THE VANISHING OF SELF EXTENSIONS OF EVEN-PERIODIC MODULES

ELA CELIKBAS, OLGUR CELIKBAS, HIROKI MATSUI, AND RYO TAKAHASHI

ABSTRACT. In this paper we study rigid modules over commutative Noetherian local rings, establish new
freeness criteria for certain periodic rigid modules, and extend several results from the literature. Along the
way, we prove general Ext vanishing results over Cohen-Macaulay rings and investigate modules which have
zero class in the reduced Grothendieck group with rational coefficients.

1. INTRODUCTION

Throughout R denotes a commutative Noetherian local ring with maximal ideal m and residue field &, and
all R-modules are assumed to be finitely generated.

An R-module M is called rigid if Exty(M,M) = 0. The classification of rigid modules has been of interest
in both commutative algebra and representation theory; see, for example, [18} [21]]. Work by Auslander [2]],
Jothilingham [22], and Lichtenbaum [28]] shows that over regular rings the only rigid modules are free
modules; see also [2.9(ii). The same result holds, according to Dao [12]], over certain hypersurface rings,
such as even-dimensional simple singularities [[12} 3.16] or one-dimensional domains [12} 3.3]. It came as a
surprise to us that the property of having only free rigid modules characterizes one-dimensional hypersurface
domains; see Proposition [3.1]

Unlike the regular case, the rigidity property of modules over several classes of rings remains mysterious.
In this paper, we are concerned with the following question, which is due to Dao [13} 9.1.4] for the Artinian
case and to Huneke-Wiegand [20, page 473] for the one-dimensional case:

Question 1.1. Let R be a Gorenstein local ring and let M be an R-module. Assume either R is Artinian, or
R is a one-dimensional domain and M is torsion-free. If M is rigid, then must M be free?

Question [1.1is intriguing to us, as it is closely related to the celebrated conjecture of Auslander—Reiten
[4], which asks whether maximal Cohen—Macaulay modules M are free over Gorenstein rings R provided
that Exth (M, M) = 0 for all i > 0. This conjecture, as well as its special cases such as Question is quite
subtle to tackle, but it has been intensively studied by several researchers using distinct arguments [[1, 119, 23]],
since the conjecture aims to understand the general structure of modules, originally over finite-dimensional
algebras. The one-dimensional case of Question [I.T]is known as the Huneke-Wiegand conjecture [20]. The
conjecture remains open even when the one-dimensional domain is a complete intersection; in fact, even
in that case the module in question is an ideal. On the other hand, the conjecture has been established in
several cases; for example, Huneke-Iyengar-Wiegand [[18]] recently proved that it holds over one-dimensional
Cohen-Macaulay domains of minimal multiplicity.

The aim of this paper is to make progress on Question [I.1] particularly for periodic modules. Given
an R-module M and an integer n > 0, we say that M is n-periodic if M L QrM, where QM denotes the

st st

(minimal) nth syzygy module of M, and = denotes a stable isomorphism; that is, M = QM if and only
it M@ F = QM @ G for some free R-modules F and G; see also Proposition ?? for a characterization of
periodic modules.

2020 Mathematics Subject Classification. Primary 13D07; Secondary 13H10, 13D05, 13C12.
Key words and phrases. Grothendieck group, periodic modules, rigid modules, vanishing of Ext.
Matsui was partly supported by JSPS Grant-in-Aid for Early-Career Scientists 22K13894.
Takahashi was partly supported by JSPS Grant-in-Aid for Scientific Research 23K03070.
Corresponding Author: Hiroki Matsui.

1



2 E. CELIKBAS, O. CELIKBAS, HIROKI MATSUI, AND R. TAKAHASHI

Our work is motivated by the following result, the second part of which was proved independently by Le
[26] 2.2.22 and 2.2.24] and Toshinori Kobayashi (private communication):

Theorem 1.2. Let R be a one-dimensional Gorenstein domain, and let M be a rigid R-module.
(i) (Celikbas-Le-Matsui 9} 1.3]) If M is 2-periodic, then M is free.
(i1) (Le, Kobayashi) If M is 4-periodic, then M is free.

Our approach is to consider periodic modules in general (not necessarily of period two or four) and to
investigate conditions under which a result similar to Theorem|T.2]holds. A special case of our main theorem
in this direction can be stated as follows:

Theorem 1.3. Let R be a one-dimensional Gorenstein domain, M be an R-module, and let n > 1 be an
integer. Assume the following hold:

(i) M is 2n-periodic.

(ii) Extx(M,M) =0 foralli=1,3,...,2n—3.
If M is rigid, then M is free.

Theorem [I.3| recovers Theorem [I.2]in the cases n = 2 and n = 4 (note that no Ext-vanishing is assumed
in the case n = 2). In view of our result, it is also worth noting that there exist examples of 2n-periodic
modules for n > 2; see, for example, [16, 3.3].

Our main result, Theorem4.1] is more general than Theorem|[I.3] The key new feature is that we consider
modules whose class is zero in the reduced Grothendieck group of R with rational coefficients; see 2.4 and
[2.5] for details. We deduce Theorem 4.1 and hence Theorem [I.3] as a corollary of two general theorems,
namely Theorems [4.8] and .10} see also Corollaries 4.9 and .11} Although Theorem [.1] is stated for
Gorenstein rings, our methods are not restricted to such rings. For example, in Theorem .8 we consider
certain 4-periodic modules over Cohen-Macaulay rings that need not be Gorenstein.

A consequence of our results pertaining to Question [I.1]in the Artinian case is stated as Proposition [3.2}
see also Propositions[3.4]and[3.5] and Corollary[3.6] Moreover, we provide further applications of our results
and investigate 2-periodic rigid modules over rings of arbitrary dimension; see, for example, Corollary §.16]

2. PRELIMINARIES

This section is devoted to various preliminary definitions and results necessary for the proofs presented
in the subsequent sections.

2.1 (Transpose). Let M be an R-module and let P; EN Py — M — 0 be a minimal projective presentation (that
is, part of a minimal free resolution of M). The transpose Trg M of M is the cokernel of f* = Homg(f,R),
and hence is given by the following exact sequence; see [3]].

0— M =P L5 Pr— TrgM — 0.

Note that Trg M is uniquely determined (since so is a minimal free resolution of M). Moreover, we have:

st st St
2111) M* = QiTrgM and TrgTrgM =M sothat (TrgM)* = QM.

2.2 (Cosyzygy). Let M be an R-module and let {fi, f2,...,fs} be a minimal generating set of M*. Let
8 : R® — M be the morphism defined by &(e;) = f; fori = 1,2,...,s, where {ej,es,..., e} is the standard
basis for R®S. Then, composing the natural map M — M** with §*, we obtain the exact sequence:

M5 R™ - My — 0,

where u(x) = (fi(x), f2(x), ..., fs(x)) for all x € N. Then the morphism u is a pushforward (or a left projec-
tive approximation) in the sense that the dual u* : R®® — M* is surjective. Note that such a construction is
unique, up to a non-canonical isomorphism; see, for example, [15, page 62]. We call M, the cosyzygy of M
and denote it by Q' M.

The following properties hold:
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(i) If M is torsionless, that is, if the natural map M — M™** is injective, then the map u is also injective.
So, if M is torsionless, we have a short exact sequence of the form:

0—+M5RY = Qp'M—0.

t
(i1) It follows by construction that Ext}g(leM ,R) = 0. Thus Trg QEIM S% QrTrrM; see [3) 3.9]. Hence,
. 5 ' t '
by setting Qp'M = le (QIE(HI)M> for i > 2, we have that Q,'M Sg TrQy Trr M for all i > 1.

. st . st .
(iii) It follows that Q"' Trg M = Trg Qj Trg Trg M == Trg QM for all i > 0.
st
(iv) If M is totally reflexive, then QF QM ~ QR*"M for each integer m and n.

2.3. Let M be an R-module. Then M is said to have rank (respectively, M is said to be generically free) if
and only if that there is an integer r > 0 such that M, = RSB’ (respectively, M, is a free Ry,-module) for all
p € Ass(R). For example, if R is a domain or M has finite projective dimension, then M has rank.

2.4 (Grothendieck Group). The Grothendieck group of the category of all R-modules is defined as
@[X ler’ Z- [X ]
(X]—[X7—[X"]|0— X" — X — X" — 0 is an exact sequence of R-modules)
where I'is a set of isomorphism classes of all R-modules.
We denote the reduced Grothendieck group by G(R) = G(R)/Z - [R] and the reduced Grothendieck group

of R with rational coefficients by G(R)g = (G(R)/Z- [R]) ®z Q; see, for example, [12]. Given an R-module
M, we also denote the class of M in G(R)q by [M].

G(R) =

2.5. We need the following properties in the sequel:
(i) If N is an R-module, then [N] = 0 in G(R)q provided that N is a syzygy of a finite length R-module.

Therefore, if R is Artinian, then G(R)g = 0; see [Z, 2.5].

(ii) Assume R has dimension one and M is an R-module which has rank. Then the torsion-free part M of
M has rank and so there is an exact sequence of R-modules 0 — M — F — C — 0, where F is free and
C is a module of finite length. As [F] and [C] are both zero in G(R)q, so is [M]; see part (i). It follows
from the exact sequence 0 — T — M — M — 0 that [M] = 0 in G(R)g because the torsion submodule
T of M has finite length. This argument shows that, if R is a one-dimensional domain, then G(R)g = 0.

(iii) If R is a two-dimensional normal domain with torsion class group, then G(R)Q = 0; see [7, 2.5].

(iv) If Ris Gorenstein and M is an R-module such that M, is a maximal Cohen-Macaulay Ry-module for all
p € Spec(R) — {m}, then [M] = 0 in G(R)q if and only if [M*] = 0 in G(R)q if and only if [Trg M] =0
in G(R)q; see [9} 2.17].

2.6. A reflexive R-module M is called totally reflexive if Exty(M,R) = Exty(M*,R) = 0 for all i > 0; see [3]].
Let M and N be totally reflexive R-modules. Given n > 1, it follows that:
Exth(M,N) = Extg(N*,M*) = Exty(Trg N, Trg M).
Moreover, for all n > 1 and all j € Z such that n > j, we have:
Exts /(M,N) = Exty(M,QLN).
2.7. An R-module M is said to be a vector bundle if M, is a free Ry,-module for all p € Spec(R) — {m}.

2.8. We say that a pair of R-modules (M,N) is Tor-rigid if it satisfies the following property: whenever
Tor® (M, N) = 0 for some integer n > 0, it follows that Torf (M, N) = 0 for all i > n. An R-module M is said
to be Tor-rigid if the pair (M,N) is Tor-rigid for every R-module N.

Although modules that are not Tor-rigid are abundant, every module is Tor-rigid over a regular ring [2,28]].

2.9. Let M be an R-module.
1) If Tor’f(M,TrRM) = (0, then M is free; see [32], 3.9].
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(ii) If M is rigid (that is, Extk (M, M) = 0) and the pair (M, Trg QgM) is Tor-rigid, then M is free. Similarly,
if Exty (M, M) = 0 for some n > 0 and M is Tor-rigid, then pd, (M) < n; see, for example, [13] 3.1.2]
(iii) In view of [3, 2.6] there is an exact sequence of R-modules

0 — TorX (M, Trg M) — M ®g M* — Homg(M, M) — Tork (M, Trg M) — 0.

Assume depthg (M ®g M*) > 1 and TorX (M, Trg M) has finite length. Then Tork (M, Trg M) = 0 due to
the injection Tor¥ (Trg M, M) — M Qg M*.

Recall that (TrgM)* L Q2IM; see 1). Hence, as before, if depthy(Trr M ®g Q2M) > 1 and
TorX (M, Trg M) has finite length, it follows that Tor5 (M, Trg M) = 0.
(iv) Assume depthg(M) > 1. If Exty(Trg M,R) has finite length for some i > 1, for example, if M is a
vector bundle, then Homg (Exth(Trg M, R), M) = 0.
(v) It follows from [3] that, for each i > 0, there is an exact sequence of the form

0 — Exth(Qg'M, M) — TorX (Trg M, M) — Homg (Exty(Trg M, R), M).

(vi) Let R be a d-dimensional Cohen-Macaulay ring with canonical module wg, and let M and N be R-
modules. Assume M is a vector bundle and N is maximal Cohen-Macaulay. Then Ext(M,N) = 0 for
alli=1,...,d if and only if M Q¢ NT is maximal Cohen-Macaulay; see [17, 2.3], and also [[19, 5.9]
for the Gorenstein case.

Since we are primarily concerned with periodic modules, Proposition [2.T1]is worth recording. Note that
the first part of the proposition generalizes the fact that the syzygy modules of maximal Cohen-Macaulay
modules over Cohen-Macaulay rings have no nonzero free summands; see, for example, [25} 2.2].

2.10. If M is an R-module, then the depth lemma shows that depthR(Q{eM ) > inf { depth(R),depthg (M) + j}
for all j > 0. Therefore, if depthgz(M) > depth(R), then depthg(QzrM) > depth(R).

Proposition 2.11. Let M be an R-module.

(i) If depthg(M) > depth(R), then QLM has no nonzero free summand for all i > 1.
(i1) Assume M has no nonzero free summand. If n > 1 is an integer, then

M is n-periodic if and only if M = QM.

Proof. Assume depthg(M) > depth(R). To prove part (i), it suffices to show that QgM has no nonzero free
summand; see|2.10

Suppose QrM has a nonzero free summand so that QrM = K & R for some R-module K. It follows that
depthy (QzM) = min{depthg(K),depth(R)}, and hence depthg(K) > depth(R); see[2.10]

Consider a minimal syzygy exact sequence 0 — K ® R M) R% % M — 0, where a = Ur(M). This

yields a commutative diagram

(a,B)

T

0—— K®R R%@ M 0
o) i
0 R 5 R%a cokerf —— 0

where the rows are short exact sequences and 7 is surjective. Moreover, it follows by the snake lemma that
ker(y) = K. So, the depth lemma implies that depthg(coker ) > min{depthg(M),depthg(K)} > depth(R).
As pdg (cokerB) < oo and depthg(coker ) > depth(R), the Auslander-Buchsbaum formula shows that
coker B is free, that is, coker 8 = R®(¢~1)_ Since 7 is surjective, this contradicts the fact that ug(M) = a.
Consequently, QrM has no nonzero free summand.

To prove part (ii), assume that M has no nonzero free summand and is n-periodic for some n > 1. Then,
since M has no nonzero free summand, we have M @ R%¢ = QM for some a > 0; see [27, 1.10 and 1.15].
Suppose a > 0 and seek a contradiction.
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Since M & R®* = Q}M, it follows from that
inf{depthg (M), depth(R)} = depthp(M & R™) = depthx(QrM) > inf{depth(R),depthg (M) +n}

This inequality implies that depthg (M) > depth(R) since n > 1. Now, we use part (i) and conclude that QxM
has no nonzero free summand. So, @ = 0, which is a contradiction. This completes the proof of the second
part. O

3. SOME AUXILIARY RESULTS FROM OUR ARGUMENTS

The aim of this section is to prove certain results that arose while we were working toward Theorem |4. 1
More precisely, we establish Propositions and both of which were mentioned in the introduction.
Proposition characterizes one-dimensional complete reduced hypersurface rings in terms of rigid mod-
ules, while Proposition summarizes our result concerning Question [1.1|in the Artinian case. We begin
with the proof of Proposition [3.1

Proposition 3.1. Ler R be a one-dimensional complete reduced hypersurface ring. Then R is a domain if
and only if each rigid R-module is free.

Proof. Assume R is a one-dimensional hypersurface domain. Then each R-module is Tor-rigid [12} 3.3] so
that [2.9(ii) shows that rigid modules are free. Hence it suffices to prove the converse implication.

Let R = S/(f) for some complete two-dimensional regular local ring (S,n) and an element 0 # f € n.
We can write f = p; - -- p, for some n > 1, where each p; are prime elements in S. Furthermore, (p;) and
(pj) are distinct ideals of S for distinct i and j since R is reduced.

Suppose R is not a domain. Then n > 1. Set p = p; and ¢ = ps--- p, so that R = S/(pq). Then the

minimal free resolution of the R-module M = R/(p) is --- — R £ R % R £ R — 0. It follows that M is rigid
since Exth(M, M) = Ker(M 2 M) = 0. As M is not free, this provides a contradiction of our assumption.
Consequently, » = 1 and R is a domain. O

Next is a summary of our results regarding the Artinian case of Question[I.1]

Proposition 3.2. Let M be a rigid R-module. Then M is free if at least one of the following holds:
(1) R is Artinian and M is 2-periodic.
t
(i1) R has depth zero and M > Qil for some totally reflexive ideal I of R and integer n > 0.
The first part of Proposition is a quick application of the next fact, proved in [9], while the second
part follows from Corollary
3.3 ([9. 3.5]). Let M and N be R-modules. Assume the following conditions hold:
(i) [N] =0in G(R)g.
(i) pdg, (My) < oo for all p € Spec(R) —{m}.
(iii) M is 2-periodic.
Then the pair (M, N) is Tor-rigid.
The following establishes Proposition [3.2[i):

Proposition 3.4. Let R be an Artinian ring and let M be a 2-periodic R-module. If Ext{e (M, M) =0 for some
Jj >0, then M is free.

Proof. As R is Artinian, it follows that G(R)g = 0; see i). Therefore, since M is a 2-periodic R-module,

we conclude from [3.3[that M is Tor-rigid; see E Thus, due to ii), if Ext',"e (M,M) = 0 for some j >0,
then M is free. U

As a corollary of the next result, we prove the second part of Proposition 3.2} see Corollary [3.6]
Lemma 3.5. Let / and J be ideals of R such that I C J. Assume Extk(R/I,R) = Extk(1,J) = 0. Then:
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(i) Homg(I,R/J) = 0.
(i) If depthgx(R/J) =0, then I = 0.

Proof. (i) As Exth(I,J) = 0, the natural exact sequence 0 — J — R — R/J — 0 induces the exact sequence

0 — Homg(Z,J) s, Homg(I,R) — Homg(I,R/J) — 0. Similarly, since Exty(R/I,R) = 0, it follows from
the natural exact sequence 0 — / %S R—R /I — 0 that o* : R* — I* is surjective.

Let f € I". As a* is surjective, f factors through «, that is, there exists ¢ € R such that f = ¢- . Now
define a map g : I — R given by g(x) = c¢-x for all x € I. Then g € Homg(/,J) since I C J. Therefore
f=E&(g) and so & is surjective. This implies that Homg(I,R/J) = 0.

(ii) We know by part (i) that Homg(Z,R/J) = 0. So [5, 1.2.3] implies that there exists a non zero-divisor
on R/J which is contained in anng(7). As depthg(R/J) = 0, this yields a contradiction if anng(/) C m. So
anng(I) = R, thatis, I = 0. O

Corollary 3.6. Let R be a ring such that depth(R) = 0 and let I and J be ideals of R. Assume I and J are
totally reflexive as R-modules and 1 C J. If Ext}Q(Q??I ,QRJ) =0 for some n € Z, then I = 0.

Proof. Note that Exth(R/I,R) = 0 and depthg(R/J) = depth(R) since R/I and R/J are totally reflexive R-
modules. Moreover, it follows that Extk(7,J) = Exth(Q3I, Q%J) = 0; see Hence, by Lemma ii), we
have that / = 0. O

In passing let us note that Corollary [3.6]recovers the following result of Lindo; see [29] 3.9]:

st
Corollary 3.7. Let R be an Artinian Gorenstein ring and let M = Qyl for some n € Z. If Exth(M,M) =0,
then M is free.

4. MAIN THEOREM AND ITS PROOF

In this section, we state our main theorem and provide its proof. The following is our main result; see [2.4]
and [2.5|for details on the Grothendieck group.

Theorem 4.1. Let R be a d-dimensional Gorenstein ring, M be a generically free R-module, and let n > 1.
Assume the following conditions hold:
(i) [M]=0inG(R)q.
(i1) M is 2n-periodic.
(iii) Exty(M,M)=0foralli=1,3,...,2n—3.
Then M is free if at least one the following holds:
(1) Extz''(M,M) =0.
) M ®g M* is torsion-free.
(3) Extx(M,M) =0 foralli=1,2,...,max{1,d}.

Our motivation for proving Theorem comes from the following facts and observations, which we
discuss next. The conclusion of Theorem holds for modules that have rank, even if the ring is not a
domain. More precisely, let R be a one-dimensional Gorenstein ring, and let M be a 4-periodic rigid R-
module with rank. Then the arguments of Le and Kobayashi show that M is free; see also [9, 1.3]. Note
that such a module M is generically free and satisfies [M] = 0 in G(R)q; see and ii). Motivated
by this observation, we generalize the above fact by replacing the hypothesis “M has rank" with the weaker
hypothesis “M is generically free and has zero class in the reduced Grothendieck group." This also explains
how Theorem [I.3]follows immediately from Theorem[4.1]

Regarding the distinction between having rank and having zero class in the Grothendieck group, note that
over a one-dimensional reduced ring, an R-module has rank if and only if its class is zero in G(R)@; see [6,
A.1.]. However, this equivalence can fail over rings that are not reduced. For example, if R = k[[x,y]/(x?)
and M = R/(x), then [M] = 0 in G(R), but M does not have rank; see Example i) and [6, A.2.].
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We present the proof of Theorem 4. 1]in two subsections. In the first subsection, we prove the third part of
the theorem; see also Theoremd.8] The remaining parts of Theorem[.T|are proved in the second subsection,
whose main result is Theorem 4. 10|

Proof of part (3) of Theorem 4.1} In this section we give a proof of part (3) of Theorem the result
follows as an immediate corollary of Theorem[4.8] First we need to make several preparations.

Proposition 4.2. Let M and N be R-modules. Assume:
(i) [M*] =0in G(R)q.
(i) M is generically free.

(iii) M is 2-periodic and rigid.

Then M is free.

Proof. We may assume, by induction on the dimension of R, that jim(R) > 0 and M is a vector bundle.
Hence, by ii) and it is enough to see that [Trg QrM] = 0 in G(R)q, or equivalently [(QrM)*] =0 in
G(R)q. Note that Exty(M, R) has finite length since M is a vector bundle. Therefore, [Exti(M,R)] = 0 in
G(R)g- So, by dualizing the syzygy exact sequence 0 — QrM — F — M — 0, we see that [(QzgM)*] =0in
G(R)q if and only if [M*] =0 in G(R)g. Thus [Trg QrM] = 0 in G(R)q as we assume [M*] = 0. O
Corollary 4.3. Let R be a Gorenstein ring and let M and N be R-modules. Assume:

(i) [M]=0inG(R)g.

(i1) M is generically free.
(iii) M is 2-periodic and rigid.
Then M is free.

Proof. Note that M is maximal Cohen-Macaulay since M is 2-periodic. Therefore, [M*] = 0 in G(R)g; see
[2.5(iv). Thus M is free by Proposition 4.2} O

4.4. Let R be a Cohen-Macaulay ring with a canonical module wg and let M be a totally reflexive R-module.
Then Torfe (M,wg) =0 for all i > 0 and M ®g wg is maximal Cohen-Macaulay; see, for example, [31, 2.11].

In the following (—)" denotes Homg(—, ).

Lemma 4.5. Let R be a Cohen-Macaulay ring with a canonical module wg, and let M and N be totally
reflexive R-modules. Then the following hold:

@) (TI'R[W)T = Q%M@R OR.
(i1) EXt}e(M,N) = Eth(M@R wg,N Qr COR) for all i > 0.

Proof. In the proof we make use of the fact that Tor® (M, wg) = 0 for all i > 0; see

(i) Take a minimal presentation of M, say F) ER Fo — M — 0. By dualizing this presentation, we get the
following exact sequence:

@31 0 M = F LR - TpM — 0
Then, by applying (—)" to (4.5}1), we get the exact sequence

*i
@312) 0— (TreM)’ — FF L5 B M7t 0

since Trg M is totally reflexive, and hence is maximal Cohen-Macaulay.
Recall that Torf (M, wg) = 0 for all i > 0. Hence, by applying — ®g g to the short exact sequence

0— QI%M —F i> Fy — M — 0, we obtain the exact sequence:

@3) 0—>Q§M®RwR—>F1®RwR&>FO®RwR—>M®RwR—>0.
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Note that there is a commutative diagram as:

*F f*T *F
FP— S F

| . ]

f
Fy ®@r Or — Fo Qg W
Therefore, in view of (4.5]2) and (#.5]3), we conclude that:

=
(TrrM)™ = Ker(F} L5 FT) 2 Ker(Fy @p op 225 Fy @r 08) = Q3M @5 0p.

(ii) As Tor®(M,wg) = 0 for all i > 0, the following isomorphisms hold in the derived category of R-
modules:

RHomg (M ®g g, N ®g 0g) ~ RHomg(M Q¥ wg, N @k wg)
~ RHompg (M, RHomR(wR,N®}§ a)R))
~ RHomg(M,N),

where the second and the third isomorphisms follow from [10, A.4.21] and [10, 4.2.6], respectively. This
establishes the required isomorphism of Ext modules. O

4.6. Let R be a Cohen-Macaulay ring with a canonical module wg and let X and Y be R-modules. If Y is
maximal Cohen-Macaulay, then X ®z Y is maximal Cohen-Macaulay if and only if ¥ @ Trg X is maximal
Cohen-Macaulay; see [24} 2.2].

Lemma 4.7. Let R be a d-dimensional Cohen-Macaulay ring with a canonical module @g, and let M and N
be R-modules. Assume the following hold:

(i) M and N are vector bundles.
(i1) M is totally reflexive.
(iii) N is maximal Cohen-Macaulay

Then Exth (N, Q2M ®g wg) =0 foralli = 1,2,...,d if and only if Ext,(M,N) =0 foralli=1,2,...,d.
Proof. Note that Trg M is totally reflexive so that (TrgM)" is maximal Cohen-Macaulay. We have the
following implications:
Exth(M,N)=0foralli=1,...,d <= M ®gN" is maximal Cohen-Macaulay
<= N ®g Trg M is maximal Cohen-Macaulay

< Exth (N, (TrRM)T) =O0foralli=1,2,...,d
= Exth(N,QiM @g wg) =0foralli=1,2,....d

Here the first implication holds by [2.9(vi) since M is a vector bundle and N is maximal Cohen-Macaulay;
the second implication holds by ce NT is maximal Cohen-Macaulay; the third implication holds by
vi) since N is a vector bundle and (Trg M) is maximal Cohen-Macaulay, and the fourth implication
holds by Lemma [4.5{i) since M is totally reflexive. U

Next is the main result of this section; its Gorenstein case establishes part (3) of Theorem [.1]

Theorem 4.8. Let R be a d-dimensional Cohen-Macaulay local ring with a canonical module wg, and let
M be an R-module. Assume:
(i) Ry is Gorenstein for all p € Spec(R) — {m}.
(i1) M is 2n-periodic and Extfq (M,M)=0foralli=1,3,...,2n—3 and for some integer n > 2.
(iii) M is generically free, totally reflexive, and [M*] = 0 in G(R)q.
(iv) Exth(M,M Qg wg) =0foralli=1,2,...,d.
Then M is free.
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Proof. As M is generically free, we may assume, by induction on the dimension of R, that R has positive
dimension and M is a vector bundle.

Letting N = M ®g g, in view of , we conclude from Lemma that Exth (M @ o, QI%M ®rwog)=0
for all i = 1,...,d. Now, Lemma |4.5(ii) yields Extq(M,Q2M) = 0 for all i = 1,2,...,d. As M is 2n-
periodic, it follows that Exty(M,QzM) = 0 for all i = 2n+1,2n+2,...,2n+d. Note that, since M is
totally reflexive, we have Exth(M,R) = 0 for all i > 0. Thus, we conclude that Extiy(M,M) = 0 for all
i=2n—1,2n,....2n+d —2. As we assume ExtL(M,M) =0 for all i = 1,3,...,2n — 3, it follows that
Exth(M,M) = 0 for each odd integer i such that 1 <i <2n+4d —2.

SetX =M O QM@ --- B QR >M. Then X is generically free, rigid, 2-periodic, and [X*] = 0 in G(R)q.
Thus, by Proposition[d.2] X is free. Therefore, M is free. O

Next we give a corollary of Theorem the case where d = 1 and n = 2 of the corollary yields a proof
of Theorem

Corollary 4.9. Let R be a d-dimensional Gorenstein local ring and let M be an R-module. Assume:
(i) M is 2n-periodic for some integer n such that 1 <n < (d+3)/2.
(ii) M is generically free and [M] = 0 in G(R)q.

(iii) Extx(M,M)=0foralli=1,2,...,d.

Then M is free.

Proof. It follows from our assumption that 2n — 3 < d. Hence the claim follows from Theorem (4.8 (|

Proof of parts (1) and (2) of Theorem 4.1} In this subsection we prove parts (1) and (2) of Theorem [4.1}
this is a direct consequence of Corollary .11} We also make an observation in Proposition[4.16|on periodic
modules that is related to Question[I.1}

The following theorem is the main result of this section:

Theorem 4.10. Let M be an R-module. Assume:
(i) [M*]=0inG(R)q
(i) M is generically free.
(ii1) Trg M is 2n-periodic for some n > 1.
(iv) Exty(Qg'M,M)=0foralli=4,6,...,2n.
Then M is free if either (1) or (2) holds:
(1) (a) M is a vector bundle. _
(b) Either depthg(M) > 1 and Exth(Qg>M,M) = 0, or depthg(M @ M*) > 1 and Exty(Trg M,R) = 0
foralli=4,6,...,2n.
(2) (a) R has no embedded primes.
(b) QIZQM Qg Trr M is torsion-free.
(¢) Exth(Trg M,R) = 0 or Exti(Trg M,R) = 0 for all i = 4,6,...,2n.

We defer the proof of Theorem[4.10] and next discuss the following consequence of it.

Corollary 4.11. Let M be a totally reflexive R-module. Assume:
(i) [M]=0inG(R)g.
(i) M is generically free.

(iii) M is 2n-periodic for some n > 1.

(iv) Exty(M,M)=0foralli=1,3,...,2n—3.

Then M is free if at least one the following holds:

(1) M is a vector bundle and Extz"' (M, M) = 0.
(2) R has no embedded primes and M Qg M* is torsion-free.
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Proof. Set N = Trg M. Then it suffices to show that N is free; see @1). Also, by our assumptions, we
have that N is generically free, Trg N is 2n-periodic, and [N*] = 0 in G(R)q; see (2.1}1).
Given an integer i > 1, we have the following isomorphisms:
Exth(Qp'N,N) = Exth(Qg Trg M, Trg M)

> Exth(Trg QM. Trg M)

>~ Exth(M, QM)
@I = Exty (QF'M, QM)

=~ Exta (M, QM)

=~ Exta (M, M)
Here, in 1 1), the second isomorphism follows from iii), namely since QEiTrRM =~ Trg Qj'QM, the
third and the sixth isomorphisms follow from 2.6} and the forth isomorphism holds since M is 2n-periodic.
Hence, Extk(Qz'N,N) =0 forall i =4,6,...,2n since Exty (M, M) forall i = 1,3, ...,2n— 3. Consequently,
N satisfies conditions (i), (ii), (iii), and (iv) of Theorem[4.10]

Now assume (1) holds. Then N is a vector bundle since so is M. As M is generically free, we may
assume depth(R) > 1. Thus, depthgy(N) = depth(R) > 1 because N is totally reflexive. As we assume
Extz~ ' (M,M) =0, (4.11}1) implies that Extk(Qz>N,N) = 0. So, N is free due to part (1) of Theorem

Next assume (2) holds. Then QIZQN ®g Trg N is torsion-free since it is isomorphic to a finite direct sum of

t
copies of M* ®r M, M, M* and free R-modules; see 1 1). As Trg N ’S\:“ M is totally reflexive, we have that
Exty(Trg N,R) = 0 for all i > 1. Hence, N is free due to part (2) of Theoremm O

Proof of Parts (1) and (2) of Theorem{.1} First assume Extlz{’*1 (M,M) = 0. We may assume, by induction
on d, that M is a vector bundle. Hence, M is free by Corollary 1).
Next assume M ®g M* is torsion-free. As R is Gorenstein, it has no embedded primes so that M is free

by Corollary 2). 0

The hypothesis that M is generically free, or [M] = 0 in G(R)q, is necessary for Corollary We
highlight this fact with the next examples:

Example 4.12.

(i) Let R = k[x,y]]/(x*) and M = R/(x). Then M is nonfree, 2-periodic, rigid, and [M] = 0 in G(R)q.
Moreover, p = (x) € Ass(R) and M, is not free over R,. Hence, M is not generically free.

(ii) Let R = k[x,y]/(xy) and M = R/(x). Then M is nonfree, 2-periodic, and rigid. Moreover, M is
generically free since R is reduced. On the other hand, [M] # 0 in G(R)g: One way to see this is to
set N = R/(y), note Tork(M,N) = 0 # Tor5(M,N), and use [12} 2.8 and 3.1] (in fact it follows that
G(R)=Z-M|®Z-|N] and G(R) = Z- [M)).

Next we prepare a lemma and subsequently use it to prove Theorem 4.10

Lemma 4.13. Let M be an R-module and let n > 1. Assume:
(i) [M*]=0in G(R)q.
(i1) M is generically free. .
(iii) Trg M is 2n-periodic.
(iv) Tor®(M,TrgM) =0 for all i = 2,4,...,2n.
Then M is free.

Proof. We may assume, by induction on the dimension of R, that R has positive dimension and M,, is free
for all p € Spec(R) — {m}. Set X = TrirM & Q* Trr M S Q* Trg M & - - ® Q"2 Trg M. Then X is 2-periodic
since Trg M is 2n-periodic. Note also that pdg_(X;) < e for all p € Spec(R) —{m} and [X] =0 in G(R)q.
Hence, it follows from 3.3|that the pair (X, M) is Tor-rigid.
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Suppose TorX(TrgM,M) = 0 for all i = 2,4,...,2n. Then Tor¥(X,M) = 0, and so Torf(X,M) =0
since (X, M) is Tor-rigid. Note that Torf(M,Trg M) = TorX (QZ' Trg M, M) = Tor§ (Q**~2Trg M, M), and
TorX(Q?"~2Trg M, M) = 0 as it is a direct summand of Tor% (X, M). Consequently Torf (M, Trg M) = 0 and
so M is free; see [2.9(i). O

Next is the proof of the main result of this section:

Proof of Theorem
(1) In view of Lemma [4.13] it suffices to prove Torf(M,Trg M) = 0 for all i = 2,4,...,2n. Assume

first depthg(M) > 1 and Exth(Qz*M,M) = 0. Note that Ext(Trg M,R) has finite length for each i > 1
since M is a vector bundle. Thus Homg (Exth(Trg M,R),M) = 0 for all i > 1; see iv). As we assume
Exth(Qp'M,M) = 0 for all i = 2,4,...,2n, the exact sequence V) yields Torf (M, Trg M) = 0 for all
i=2.4,... 2n

Next assume depthy(M @g M*) > 1 and Exth(TrgM,R) = 0 for all i = 4,6,...,2n. As we assume
Exth(Qg'M,M) = 0 for all i = 4,...,2n, the exact sequence V) yields the vanishing of Torf (M, Trg M)
for all i = 4,6,...,2n. Note that T0r§ (M, Trg M) has finite length as M is a vector bundle. So iii)
implies that Tor¥ (M, Trg M) = 0 as depthg(M ®@g M*) > 1. Hence we obtain TorX (M, Trg M) = 0 for all
i=2,4,....2n

(2) Set d = dim(R). If d = 0, then depth(R) = 0 and so M is free since M is generically free. Due to
our assumption in part (a), the localization of a torsion-free module is torsion-free; see [14, 3.8]. Hence,
by induction on d, we may assume M is a vector bundle and depth(R) > 1. Then iii) implies that
TorX (M, Trg M) = 0 since depthg(Q2M @ Trg M) > 1.

Assume Exth(Trg M,R) = 0. Then M is torsionless so that depthg(M) > 1. Moreover V) yields an
injection Exth(Qg>M, M) < Tor¥ (Trg M, M), which implies that Extk(Qz>M, M) = 0. Therefore, M is free
by part (1) of the theorem.

Next assume Exth(Trg M,R) = 0 for all i = 4,6,...,2n. Then V) shows that TorX (M, TrgM) = 0
for all i = 4,6,...,2n because we assume the vanishing of EXt}a(QElM,M) =0foralli=4,6,...,2n. As
TorX (M, Trg M) = 0, we conclude that TorX (M, Trg M) = 0 for all i = 2,4,...,2n. Consequently, M is free

by Lemma[4.13] O

We proceed to prove the extension of [9, 1.3] mentioned in the introduction; see Proposition First
we prepare a lemma.

Lemma 4.14. Assume depth(R) > 1 and let M be an R-module. Assume M is totally reflexive R-module
which is ¢-periodic for some # > 2. If Extly ! (M, M) = 0, then depthg(M ®x M*) > 1. Also, if M is a vector
bundle and depthg (M @ M*) > 1, then Extly ' (M, M) = 0.

Proof. Note that Ext,, | (M, M) = Exth(Q% >M, M) = Exth(Qz>M, M) since M is t-periodic. Note also that
Ext,ZQ(TrR M, R) = 0 since M is reflexive. Hence, by letting i = 2, we obtain from the exact sequence in V)
that Extly ' (M, M) = Tor (Trg M, M).

It follows that depthg (Homg(M,M)) > 1 since depthy(M) = depth(R) > 1. Hence the claims follow
from the exact sequence in [2.9(iii). O

Corollary 4.15. Let M be a totally reflexive R-module which is a vector bundle and 2n-periodic for some
n > 1. Assume depth(R) > 1. Assume further:

(i) [M]=0in G(R)g.
(i) depthg(M @gM*) > 1
(iii) Exth(M,M)=0foralli=1,3,...,2n—3.

Then M is free.
Proof. We have, by Lemma , that Extﬁ{l (M,M) = 0. So, the claim follows from Corollary 1). g
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Proposition 4.16. Let R be a Gorenstein local ring and let M be a 2-periodic R-module. Assume M is
generically free and [M] = 0 in G(R)q. If M ®gr M* is torsion-free, then M is free.

Proof. We proceed by induction on the dimension d of R. There is nothing to prove if d = 0. We may
assume, by the induction hypothesis, that d > 1 and M is a vector bundle. Then Corollary implies that
M is free; see[2.5]iv). O

Note that Proposition 4.16]follows from Corollary .3] when R is one-dimensional; see[2.9(vi). Note also
that the conclusion of the proposition can fail if the module in question is not 2-periodic:

Example 4.17 ([8, 3.5]). Let R = k[[x,y,z]]/(xy —z%). Then R is a two-dimensional normal domain and
G(R)g = 0; see iii). If 1 is the ideal of R generated by x and y, then /* = R so that I @ I* = [ is
torsion-free. Moreover, pdg (/) = 1, I is not a periodic R-module, and Extk(1,1) # 0.
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