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ABSTRACT. Let R be a commutative noetherian ring. In this paper, we study specialization-closed subsets of Spec R. More
precisely, we first characterize the specialization-closed subsets in terms of various closure properties of subcategories of
modules. Then, for each nonnegative integer n we introduce the notion of n-wide subcategories of R-modules to consider
the question asking when a given specialization-closed subset has cohomological dimension at most n.

1. INTRODUCTION

Local cohomology has been introduced by Grothendieck and has been a fundamental tool in commutative algebra and
algebraic geometry. The most important problem concerning local cohomology is to clarify when it vanishes. In the late
1960s, to explore this problem, Hartshorne [15] has defined the cohomological dimension cd I of an ideal I of a commutative
ring R as the highest index of the non-vanishing local cohomologies supported on I. This numerical invariant has been
studied widely and deeply so far. Among other things, the celebrated Hartshorne-Lichtenbaum vanishing theorem [15]
gives an equivalent condition for I to have cd I < dim R—1. Ogus [26], Peskine and Szpiro [27], and Huneke and Lyubeznik
[17] give characterizations of the ideals I with cdI < dim R — 2. Recently, Varbaro [31] and Dao and Takagi [8] have
studied the ideals I with cdI < dim R — 3. The cohomological dimension cd I of an ideal I is naturally extended to the
cohomological dimesion cd ® of a specialization-closed subset ® of Spec R, that is, the cohomological dimension of an ideal
coincides with the cohomological dimension of the Zariski-closed subset defined by the ideal.

A Serre subcategory of an abelian category is by definition a full subcategory closed under extensions, subobjects and
quotient objects. A localizing subcategory is defined to be a Serre subcategory closed under coproducts. These notions
were first studied deeply by Gabriel [10]. It was proved that for a commutative noetherian ring R a subset ® of Spec R is
specialization-closed if and only if Supp ™' @ is localizing, if and only if Suppf_g1 ® is Serre (see Notation 2.4). Since then,
localizing subcategories have been investigated by many authors to develop geometric studies of abelian categories; see
[11, 12, 13, 16, 18, 30]. A wide subcategory of an abelian category is defined as a full subcategory closed under extensions,
kernels and cokernels. In recent years, wide subcategories have actively been investigated in representation theory of
algebras; see [3, 5, 22, 29, 32].

In this paper, we first characterize the specialization-closed subsets in terms of various closure properties of subcategories
of modules, which complements the above mentioned theorem due to Gabriel; see Theorem 2.6. Next, we introduce the
notion of an n-wide subcategory for each nonnegative integer n. An n-wide subcategory turns out to be nothing but a wide
(resp. localizing) subcategory for n =1 (resp. n = 0). We explore the cohomological dimension of a specialization-closed
subset by relating it to the n-wide property of a certain corresponding full subcategory of modules.

Theorem 1.1 (Theorems 4.3, 4.9, 4.12 and 4.13). Let R be a commutative noetherian ring. Let n > 0 be an integer.
(1) Let @ be a specialization-closed subset of Spec R. Then the implication

cd® <n = supp H(®C) is n-wide

holds true. The converse holds true as well in each of the following cases.

(a) n<1lorn>dimR—1.

(b) (R,m,k) is complete reqular local with k separably closed, ® is closed with ®\ {m} connected, and n = dim R — 2.
(¢) R has positive prime characteristic, and ® is closed with a perfect defining ideal.

(d) R = S[A] is a semigroup ring, and ® is closed with a perfect defining ideal generated by elements of A.
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(2) The following are equivalent.
(a) cd® < n for all specialization-closed subsets ® of Spec R.
(b) supp~*(®C) is n-wide for all specialization-closed subsets ® of Spec R.
(c) supp~!((Max R)®) is n-wide.
(d) dim R < n.

Here, for a subset ® of Spec R we denote by ®C the complement of ® in Spec R, and by Max R the set of maximal
ideals of R. Also, supp stands for the small support introduced by Foxby [9]. Theorem 1.1 includes the recent theorem of
Angeleri Hiigel, Marks, Sfovicek, Takahashi and Vitéria [2], which asserts Theorem 1.1(1a) for n = 1. It turns out that,
whenever 2 < n < dim R — 2, the converse of the implication displayed in Theorem 1.1(1) does not necessarily hold; see
Example 4.16. The proofs of (1a) and (2) of Theorem 1.1 use balanced big Cohen—Macaulay modules, whose existence
has been shown recently by André [1].

The organization of this paper is as follows. In Section 2, we state several basic properties of supports, small supports
and associated primes to interpret them in terms of closure properties of subcategories of modules. Section 3 gives
preliminaries for the next section. We introduce the torsion, local cohomology and transform functors with respect to a
specialization-closed subset and its cohomological dimension, and investigate their fundamental properties. The key role is
played by the corresponding localization sequence in the derived category. In Section 4, we define an n-wide subcategory
of modules for each nonnegative integer n. After verifying several basic properties of them, we consider the n-wideness of
the subcategory of modules corresponding to a specialization-closed subset, and prove Theorem 1.1.

2. A CHARACTERIZATION OF THE SPECIALIZATION-CLOSED SUBSETS
We begin with our convention.

Convention 2.1. Throughout this paper, we assume that all rings are commutative and noetherian and all subcategories
are full. We set N =Z> = {0,1,2,...}. Let R be a ring. We denote by Mod R the category of R-modules, by mod R the
category of finitely generated R-modules, and by D(Mod R) the (unbounded) derived category of Mod R. Note that there
are inclusions mod R C Mod R C D(Mod R). We use well-known facts on local cohomology basically tacitly; we refer the
reader to [4]. We omit subscripts and superscripts as long as there is no danger of confusion.

We recall the definitions of the support and the small supports of a complex of modules.

Definition 2.2. [9] For X € D(Mod R) we define the support of X by Supp X = {p € Spec R | X, 2 0}, and the small
support of X by supp X = {p € Spec R | X ®% r(p) % 0}, where k(p) = Ry /pR,.

We denote by Eg(M) the injective hull of an R-module M. Let X be a complex of R-modules with H<?(X) = 0. Then
one can take a minimal injective resolution
— ER(X) 5 B () T )
of X, that is, a bounded below complex of injective R-modules quasi-isomorphic to X such that E%(X) is the injective
hull of Ker & for all i. Recall that the ith Bass number u;(p, M) of an R-module M with respect to a prime ideal p of
R is defined as the dimension of Ext%p (k(p), My) as a k(p)-vector space. Then p;(p, M) is equal to the cardinality of the

Er(X)=(0 -~

number of direct summands Er(R/p) of Ef(M); see [23, Theorem 18.7]. Thus, there is a direct sum decomposition into
indecomposable injective modules E%(M) = @, cgpee Er(R/p)®ri(p:M),

For a subset ® of Spec R, let cl(®) be the set of prime ideals p of R such that q C p for some q € ®. This is called the
specialization closure, since it is the smallest specialization-closed subset of Spec R containing ®. We state fundamental
properties of supports, small supports and associated primes.

Proposition 2.3. (1) For any X € D(Mod R) one has supp X C cl(supp X) C Supp X.

(2) Let X € D(Mod R). Let I be a complex of injective R-modules quasi-isomorphic to X. Then supp X C [J;c; AssI'.
The equality holds if HSY(X) = 0 and I = E(X). In particular, for each R-module M there is an inclusion Ass M C
supp M, whose equality holds if M is injective.

(3) For every M € Mod R it holds that cl(Ass M) = cl(supp M) = Supp M. If M € mod R, then supp M = Supp M.

(4) Let X =Y — Z — X[1] be an exact triangle in D(Mod R). Then one has suppY C supp X Usupp Z.

(5) For a family {Xx}xea in D(Mod R) one has supp(,cp Xx) = Uyen supp Xa.

(6) Let 0 = L - M — N — 0 be an ezact sequence in Mod R. Then there are an equality Supp M = Supp L U Supp N,

and inclusions Ass L C Ass M and Ass M C AssL UAssN.
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(7) For a family {Mx}xea i Mod R one has Supp(@,cp Mx) = Uyea Supp My and Ass(Pcp Mr) = Uyecp Ass M.

Proof. The first inclusion in (1) is clear, while the second follows from the fact that Supp X is specialization-closed and
contains supp X. Assertion (2) follows from [6, Proposition 2.1 and Remark 2.2]. The equality and the first inclusion in
(6) are obvious, while the second inclusion is shown in [23, Theorem 6.3]. Assertions (4) and (5) are straightforward.

Let us show (3). Let M € Mod R. By (1) and (2) we have cl(Ass M) C cl(supp M) C Supp M. For each p € Supp M
the set Ass M, is nonempty, and we find q € Ass M such that q C p; see [23, Theorem 6.2]. Hence p belongs to cl(Ass M).
If M is finitely generated, then it is observed from [7, Corollary A.4.16] that supp M = Supp M.

Now we show (7). For each u € A the inclusion M,, € @, My shows Ass M, C Ass(P,c, Mx), which implies
Uuen Ass My, © Ass(@ycp Ma). Let p € Ass(@@ycp Ma). Then there is a monomorphism R/p < €D, M, which factors
through a submodule @' ; My, of @, ., My for some finitely many indices A1, ..., A\, € A. Hence p € Ass(P;_; M),) C
Ui, Ass M), € xea Ass My, where the first inclusion follows from applying (6) to the split exact sequence 0 — M), —
D, My, D My, »0for 1 <j<n—1 |

We often use the following notation throughout the paper.

Notation 2.4. For © € {Supp, supp, Ass} we denote by ©~1(®) the subcategory of Mod R consisting of modules X with
O(X) C @, and put Oz, (®) = ©~(®) N mod R.
The following statements are direct consequences of Proposition 2.3.

Corollary 2.5. Let ® be a subset of Spec R.

(1) suppf_gl(@) = Suppf_gl(CD) is a Serre subcategory of mod R, while Supp™*(®) is a localizing subcategory of Mod R.

(2) supp~ (@) is closed under direct sums, direct summands and extensions.

(3) The subcategory Assf_gl(CI)) of mod R is closed under extensions and submodules, while the subcategory Ass™(®) of

Mod R is closed under direct sums, extensions and submodules.
(4) There are inclusions Supp ™' (®) C supp~}(®) C Ass™(®) of subcategories of Mod R.

Now we can give a characterization of specialization-closed subsets in terms of closure properties of subcategories.

Theorem 2.6. The following are equivalent for any subset ® of SpecR

(1) @ is specialization—closed. (6) Ass™ (<I>) is closed under quotient modules.
(2) Assfg (D) is closed under quotient modules. (7) Ass™'(®) is localizing.

(3) Assg, ( ) is Serre. (8) Assz, () = Suppg, (®).

(4) supp~ (@) is closed under submodules. (9) Ass™'(®) = supp~!(®).

(5) supp~ (@) is localizing. (10) supp~*(®) = Supp ' (®).

(11) Ass™ (@) = Supp ' (®).
Proof. The implications (7) < (6) < (1) < (2) & (3) < (8) hold by Corollary 2.5(3), [19, Corollary 2.7] (see also [10,
page 425]) and [29, Theorem 4.1]. If ® is specialization-closed, then the equality cl(Ass M) = Supp M for M € mod R
shows Ass;gl(fI)) = Supp;gl(fb). This proves the implication (1) = (8). Using the assertions of Corollary 2.5 for Mod R
and Proposition 2.3, we can easily check that the implications (1) = (11) = (10) = (5) = (4) and (11) = (9) = (4) hold.
It remains to show the implication (4) = (1). Assume (4) and take p € ®. Then R/p C Er(R/p) € supp (®), and
hence R/p € supp~!(®). Therefore V(p) = Supp R/p = supp R/p C @, and thus ® is specialization-closed. |

3. LOCAL COHOMOLOGY WITH RESPECT TO A SPECIALIZATION-CLOSED SUBSET

First of all, we introduce the torsion functor and the local cohomology functor with respect to a specialization-closed
subset, extending the torsion functor and the local cohomology functor with respect to an ideal.

Definition 3.1. Let ® be a subset of Spec R. We define the ®-torsion functor I'e : Mod R — Mod R by I's(M) =
{z € M | Supp(Rz) C ®} for M € Mod R. If ® is specialization-closed, then we have natural isomorphisms I'g(—) &
h—n}\/(I)g@ Ii(—) = UV(I)@ I';(—). The first isomorphism says that I'¢ : Mod R — Mod R is a left exact functor, and for

each integer n we can consider its nth right derived functor Hg : Mod R — Mod R, which we call the nth local cohomology
functor with respect to ®. There is a natural isomorphism H}(—) = lim. (e H} (-).

We state several basic properties of the torsion and local cohomology functors with respect to a specialization-closed
subset ®, which are well-known in the case where ® is closed.

Proposition 3.2. Let ® be a specialization-closed subset of Spec R.
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(1) For an R-module M, there are implications
(a) To(M) =M < SuppM C & < AssM C & = HZ(M) =0, (b) To(M) =0 < Ass M C C.

(2) For an integer n, one has Supp HE (M) C @, I'e(HE(M)) = HE (M) and Hz°(H%(M)) = 0.

(3) One has To(M/Te(M)) =0 and Hy(M/Te(M)) =2 Hy (M) for all i > 0.

(4) For a family {Mx}xea in Mod R and an integer n, there is a natural isomorphism Hg (@ ycp Mx) = @y Hi (M).
(5) Letp be a prime ideal of R. Let ® be a specialization-closed subset of Spec R, and put

¢, ={P € SpecR, | PN R € ®}.
Then one has an isomorphism Hg (M), = Hg (M) for all R-modules M and integers n.

Proof. (1a) Note that Supp M = J ., Supp Rz. This implies that I'¢(M) = M if and only if SuppM C @, if and
only if Ass M C ® since ® is specialization-closed. When Supp M C @, one has I'¢(E"(M)) = E*(M) for all n > 0 by
Proposition 2.3(1)(2). Hence I's(E(M)) = E(M), which implies H7°(M) = 0. Thus the first assertion follows.

(1b) If x is a nonzero element of M with Supp Rz C ®, then () # Ass Rz C Supp Rx and hence Ass Rz N® is nonempty.
If p is a prime ideal in Ass M N @, then p = ann(z) for some © € M. As R/p = Rz, we have Ass Rz = {p} C ®, which
implies Supp Rz C & since ® is specialization-closed. Now the second assertion follows.

(2) By (1) a prime ideal p is in @ if and only if I'e(Eg(R/p)) # 0, if and only if I's (Er(R/p)) = Er(R/p). We see that
Supp I'p(E"(M)) C @ for an R-module M and an integer n > 0. Since Suppyey z(®) is a localizing subcategory of Mod R
by Corollary 2.5(1), we have Supp H3 (M) C ®. Therefore I'g(H% (M)) = H3 (M) and HZ°(HZ(M)) = 0 by (1a).

(3) The assertion is easy to deduce from assertion (2).

(4) The functor I'y = hﬂ\/(z)gp I'; commutes with direct sums of modules. As R is noetherian, @, E(M)) gives

an injective resolution of @, , Max; see [23, Theorem 18.5] for instance. We obtain isomorphisms Hg (D, Ma) =
H"(Ta(Drcp E(Mr))) = Drecp H' (Do (E(My))) = D Hg (M)

(5) The assignments V(I) — V(IR,) and V(J) — V(J N R), where I, J are ideals of R, R, respectively, give mutually
inverse inclusion-preserving bijections between the set A of closed subsets Z of Spec R with p € Z C & and the set B of
closed subsets W of Spec R, with ) # W C ®,,. Note that p € Z if HL (M), # 0, and H}, (M) = 0 if W = (. Thus

H (M), 2= (limg H3(M)), 2 lig (H3(M),) = limy (H3(M),) = ling (3 (M) = lim (- (M) = Hy, (M),
ZeC ZeC ZeA wWeB weC,

where C (resp. C,) stands for the set of closed subsets of Spec R (resp. Spec R,,) contained in ® (resp. ®y,). [ |

Next we define the cohomological dimension of a specialization-closed subset, which extends the celebrated invariant
of the cohomological dimension of an ideal.

Definition 3.3. Let ® be a specialization-closed subset of Spec R. We define the cohomological dimension of ® by
cd ® = sup{i € Z | H;(M) # 0 for some M € Mod R} = inf{i € Z | H3"(M) = 0 for all M € Mod R} € NU {00, —oc}.
For an ideal I of R we set cdI = cd V(I) and call it the cohomological dimension of I.

Remark 3.4. Let ® be a specialization-closed subset of Spec R. Then:

(1) cd® = —c0 = @ = 0. (2) cd® <0 < I'p is exact. (3) cd® < dim R. (4) cd® < sup{cd I | V(I) C ®}.
Indeed, if p € @, then HY (Eg(R/p)) # 0 by Proposition 3.2(1b), which deduces (1). Item (3) follows from Grothendieck’s
vanishing theorem [4, 6.1.2], while (2) and (4) are clear.

The following proposition is well-known in the case where & is closed.

Proposition 3.5. Let ® be a specialization-closed subset of Spec R. Assume either that R has finite Krull dimension or
that @ is closed. Then there is an equality cd ® = sup{i € Z | H4(R) # 0}.

Proof. Tt suffices to prove that cd ® < n if and only if H3™(R) = 0 for each n € Z. We may assume Hg"(R) = 0 for some
integer r. Indeed, if dim R = d < oo, then H4(R) = 0 for all i > d. If ® = V(I) for some ideal I, then H;(R) = 0 for all
© > s, where I is generated by s elements.

The “only if” part is evident. To show the “if” part, assume Hz™(R) = 0 and let M be an R-module. Take a free

resolution - - ELN I3 TN Fy Loy M — 0 and set M; = Im f; for each i. Using Proposition 3.2(4), we get H% (M) =
HEH (M) = - =2 HE (M;—;) = 0 for any i > n, where ¢t = max{i,r + 1}. Thus cd ® < n as desired. |
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For a subset ® of Spec R, put Lo = {X € D(Mod R) | supp X C ®} and L3 = {X € D(Mod R) | Hompmod r)(La, X) =
0}. Then by [24, Theorem 2.8] the subcategory L4 is generated by a set. It follows from [20, Propositions 4.9.1, 4.11.2
and Theorem 5.6.1] and [25, Lemma 4.5] that there exist exact functors

i® Ao
Lo == D(Mod R) —= L3,
e Jjo
where i and jg are inclusion functors with ig 4 v and A¢ I jg, such that:

(1) There is a functorial exact triangle v (X) P00, x 1000, Aa(X) = v (X)[1] for X € D(Mod R) which is isomorphic

to any exact triangle X’ — X — X" — X'[1] with X’ € L¢ and X" € L3.
(2) If ® is specialization-closed, then 74 = RI'¢ and L3 = Lge.
For a complex homologically bounded below, the image by A¢ can be described by using its minimal injective resolution
as follows.

Proposition 3.6. Let ® be a specialization-closed subset of Spec R. Let X € D(Mod R) with H<%(X) = 0. Then there is
an isomorphism Ae(X) 2 E(X)/T3(E(X)) in D(Mod R).

Proof. Fix an integer n. Write E"(X) = @, cspec r Er(R/p)®4nr, where A, , is a set. Then the lower left holds, which
implies the lower right by Proposition 2.3(2).

{r@w(x» = @pcq Er(R/p) P4, {supp T (E(X)) = U,z AssTo(E"(X)) C @,
E™(X)/Ta(E"(X)) = @, cqe Er(R/p)®4nr. supp(E(X)/Ta (E(X))) = U,z Ass(E"(X)/Te(E™(X))) C @F.

Thus, the natural exact triangle 'y (E(X)) — E(X) — E(X)/Ts(E(X)) — I'e(E(X))[1] is isomorphic to the exact triangle
e (X) ne (X

Yo (X) —— X LGN Ao (X) = v (X)[1] in D(Mod R), which shows the assertion of the proposition. u
Next we introduce the transform functor with respect to a specialization-closed subset, which is also a generalization
of the transform functor of an ideal.

Definition 3.7. Let ® be a subset of Spec R. The ®-transform functor Df : Mod R — Mod R is defined by Dg (M) =
H"(Ap(M)) for M € Mod R. Applying H° to ne (M) : M — Mg (M), we get a natural map (o (M) : M — DG (M).

Remark 3.8. Let ® be a specialization-closed subset of Spec R.
(1) For each M € Mod R, there are equivalences

M € suppyly n(®%) & RI6(M) =0 < no(M): M = Ae(M) & Ca(M): M = DY(M) and D3°(M) = 0.

In fact, if RT'g(M) = 0, then vo(M) = 0 and M = A\e(M) = E(M)/T's(E(M)) by Proposition 3.6, which implies
M e supp&})dR(q)c). The other implications follow from Propositions 2.3(2) and 3.2(1).

(2) Let M € Mod R. The exact triangle RTq (M) 22805 pp 120Dy \ (M) = vg(M)[1] yields:

(i) DSO(M) =0, (i) 0 — HY (M) — M <205 DO (A1) — HL (M) — 0 is exact, (iii) Diy (M) 2 H5 (M) for i > 1.

In particular, for an injective R-module I, there is a natural isomorphism DY, (1) 2 I /T'¢ ().

(3) Let 0 = L - M — N — 0 be an exact sequence in Mod R. Then it induces an exact triangle A¢(L) — Aa(M) —
Ao(N) — Aa(L)[1], which induces a long exact sequence 0 — D% (L) — D$ (M) — DY (N) — DL(L) — ---. This
means that the functor D} is left exact and the sequence (D%);>0 is a cohomological 5-functor in the sense of [21,
Chapter XX, §7]. Thus we can consider the right derived functor RDY, : D*(Mod R) — D*(Mod R) on the derived
category of bounded below complexes, and we have an isomorphism Dj = H'RDY for i € Z. Actually, there are
natural isomorphisms Ae(X) = E(X)/T'e(E(X)) = DY(E(X)) = RDg(X) for X € D*(Mod R), where the first
isomorphism follows from Proposition 3.6. For an ideal I of R, the V(I)-transform functors are nothing but the
I-transform functors: DY, ;) = D7 :=lim, Ext (1%, —) for all n € Z. This follows from the above argument and [4,

Exercise 2.2.2]: Dy (M) = H"RDQ,(I)(M) =~ D}(M) for all n € Z.

We state the relationship between ®-transform functors and local cohomology functors with respect to ®, which gives
a generalization of [4, Corollary 2.2.8].

Proposition 3.9. Let ® be a specialization-closed subset of Spec R. Let M be an R-module.
(1) One has DY (H%(M)) = 0.
(2) The natural map DY (M) — D (M/HY (M)) is an isomorphism.
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(3) The equality DY (Co(M)) = (o (DS (M)) holds, which is an isomorphism D% (M) — D% (D$(M)).
(4) It holds that H} (D% (M)) = 0 = HL (D% (M)).
(5) The map Hi(Co(M)) : HE (M) — HE (DY (M)) is an isomorphism for n > 2.

Proof. (1) The assertion can be deduced from Proposition 3.2(2) and Remark 3.8(2)(ii).

(2) Apply the functor D} to the short exact sequence 0 — HY (M) — M — M/H% (M) — 0, and use (1), Remark
3.8(2)(iii) and Proposition 3.2(2).

(3) By Proposition 3.6, for any M € Mod R there is a commutative diagram with exact rows:

0 M E°(M) EL(M)

Ca (M) l l

0 ——= Dg (M) —=E°(M)/Ts(E°(M)) —— E'(M)/T'o(E*(M))

Let X be the subcategory of Mod R consisting of R-modules M with AssE{(M) C ®L for i = 0,1. We establish a claim.

Claim. The subcategory X of Mod R is reflective, that is, the inclusion functor r : X — Mod R admits a left adjoint [,
which is D§ : Mod R — X. Furthermore, the unit u of this adjunction is (g.

Proof of Claim. Take an R-module N € X. There is a natural homomorphism © : Homgz(D$ (M), N) — Hompg(M, N)
given by f +— f o (a(M). It suffices to verify that © is an isomorphism. Take g € Homgr(M,N) and let g* €
Hom g (E*(M),E{(N)) be an extension of g for each i. Fix i € {0,1}. As N € X, we have I'¢(E*(N)) =0 and I's(g%) = 0.
Thus g* factors through E{(M)/T's(E*(M)), and hence g factors through D% (M). This shows the surjectivity of ©. Next,

0
take f € Homg(D4 (M), N) with f o (s(M) = 0. Then the composition p : E°(M) — E°(M)/T's(E°(M)) EAN E°(N)
factors the Oth differential d° : E°(M) — E!(M), that is, there is a map s : E}(M) — E°(N) with p = sd. Similarly
as above, I's(s) = 0 and s factors through E!(M)/T's(E!(M)). Therefore fO factors through the Oth differential of
E(M)/Ts(E(M)). This shows f = 0. O

Let ¢ be the counit of the adjunction. Then the counit-unit equations are 1; = ¢l o lu and 1, = rc o ur. Hence
1,y = rcloriu and 1,; = rcl ourl. As the right adjoint r is the inclusion functor, which is fully faithful. Hence the counit
¢ is an isomorphism, and so is rcl. Therefore the equality rlu = url holds and it is an isomorphism. This means that the
equality (g - D} = D% - (s holds and it is an isomorphism.

(4) Thanks to (2), we may assume H% (M) = 0. Applying the snake lemma to the commutative diagram

DG (¢o (M)
_—

0 ——— DG(M) Dg (Dg (M) ————— Dg (Hg (M)) ———— Dy (M)

T@(M) T@(D%(M)) T@(H;(M))

o (M
0 M oy L HL(M) 0

induced by (2)(ii) and (3) of Remark 3.8, we have an exact sequence
HG (M) = 0 — HG(D§ (M) — H (H (M)) = Hy (M) = Hy (M) — Hy(D§(M)) — Hy (H} (M) =0,

where the second and third equalities follow from Proposition 3.2(2). It is seen from (3) that the map ¢ is the identity
map. The above exact sequence now tells us that HY (D% (M)) = 0 = HL (D% (M)).

(5) As Hz°(H%(M)) = 0 by Proposition 3.2(2), the natural map H% (M) — H%(M/H%(M)) is an isomorphism. Thus
we may assume H$ (M) = 0. Since H7%(HL (M)) = 0 by Proposition 3.2(2) again, the long exact sequence induced from
0— M — DY (M) — HY (M) — 0 completes the proof. [ |

4. n-WIDE SUBCATEGORIES
We start by giving the definition of an n-wide subcategory of Mod R.

Definition 4.1. Let n > 0 be an integer. A subcategory X of Mod R is said to be closed under n-kernels (resp. n-
cokernels) if for every exact sequence 0 — M — X° — ... — X" — N — 0 in Mod R with X? € X for all i the module
M (resp. N) is in X. We say that X is n-wide if it is closed under extensions, n-kernels and n-cokernels.
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Remark 4.2. (1) A subcategory X of Mod R is n-wide if and only if for an exact sequence
M, == My—M-—M"— ... 5 M"

in Mod R with M;, M* € X for all i one has M € X.

(2) If a subcategory of Mod R is closed under n-kernels (resp. n-cokernels), then it is closed under (n + 1)-kernels (resp.
(n + 1)-cokernels). In particular, being n-wide implies being (n + 1)-wide.

(3) Let &y, .., X, be subcategories of Mod R. If X; is closed under n;-kernels (resp. n;-cokernels) for all 7, then X;N---NAX,
is closed under max{ni,...,n,}-kernels (resp. max{ni,...,n,}-cokernels). In particular, if X; is n;-wide for all i,
then X} N---N A, is max{ny,...,n, -wide.

(4) A subcategory of Mod R is closed under O-kernels (resp. 0-cokernels) if and only if it is closed under submodules (resp.
quotient modules). In particular, being 0-wide and closed under direct sums is equivalent to being localizing.

(5) A subcategory of Mod R is closed under 1-kernels (resp. 1-cokernels) if and only if it is closed under kernels (resp.
cokernels). In particular, being 1-wide is equivalent to being wide.

We give a necessary condition for a specialization-closed subset to have cohomological dimension at most n in terms of
an n-wide subcategory.

Theorem 4.3. Let ® C Spec R be specialization-closed, and n > 0 an integer. If cd ® < n, then suppmd R(<I>B) is n-wide.

Proof. Consider an exact sequence 0 — M ity x, I x4 N S 0 with X € suppyy r(®C) for all 3. Then

HgO(Xi) = 0 by Remark 3.8(1). Set Uy = Im f, for 0 < k < n + 1. The exact sequence 0 — U411 — Xy — U — 0 tells
HY (Ug41) = 0 and Hi (Uy) = Hy ™ (Uy4q) for i > 0 and 0 < k < n. Thus Hy(N) 2 HYH(Uy) = - 2 HY" T (U40) = 0
for i > 0. Also, Hy (M) = Hy N (U,) = -+ 2 HY(Up—it1) = 0 for 1 <4 < n and HY(M) = H} (U, 41) = 0. Tt follows that
HgO(M) = HiO(N) = 0, and Remark 3.8(1) implies that M, N belong to supp&cl)dR(CI)c). |

It is natural to ask whether the converse of the implication in Theorem 4.3 holds.

Question 4.4. Let ® be a specialization-closed subset of Spec R, and let n > 0 be an integer. Suppose that supp&id R(<I>B)
is n-wide. Then, does it hold that cd ® < n?

We shall prove that this question is affirmative in several cases. For it, we need some preparation.

Proposition 4.5. Let ® be a specialization-closed subset of Spec R. Let M be an R-module. Let n > 0 be an integer.

Then the following are equivalent.

(1) One has H4 (M) =0 for all 0 < i < n.

(2) The inclusion AssE{(M) C ®C holds for all 0 < i < n.

(3) There exists an injective resolution I of M such that Ass I'C @C forall0 <i <
0

Proof. The equivalence (2) < (3) is obvious. If (3) holds, then I's(I%) = 0 for all
hence HE (M) = H'(Tg(I)) = 0 for all 0 < i < n. Thus (3) implies (1).
We prove the implication (1) = (3) by induction on n. When n = 0, there are inclusions

M < Dg(M) = HO(E(M)/Ts(E(M))) < E°(M)/Ta (B (M)) € Assyig (9°)

n.
< i < n by Proposition 3.2(2), and

by Remark 3.8(2) and Proposition 3.6. Let n > 1. Then, as H}(M) = 0, the induction basis yields an exact sequence
0—+M—1°- N —0with I° € Ass,;le(tbc). The long exact sequence shows Hy (N) =0 for all 0 < i < n—1. Applying

the induction hypothesis to N, we get an injective resolution 0 — N — I* — I2 — ... with AssI* C ®C for all 1 <i < n.
Splicing the above two exact sequences, we obtain a desired injective resolution 0 — M — 0 — 1 — ..., |

We recall the definition of a balanced big Cohen-Macaulay module over a local ring, whose existence in full generality
has recently been proved by André [1].

Definition 4.6. Let R be a local ring with maximal ideal m. An R-module B is called a balanced big Cohen—Macaulay
R-module if mB # B and every system of parameters of R is a B-regular sequence.

Remark 4.7. Let R be a local ring. Let I be an ideal of R with dim R/I = dim R. Then every balanced big Cohen—
Macaulay R/I-module is a balanced big Cohen-Macaulay R-module. This is straightforward from the definition.

We give a necessary condition for supp~! (<I>E) to be n-wide, whose proof uses a balanced big Cohen—-Macaulay module.
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Proposition 4.8. Let n > 0 be an integer. Let @ be a specialization-closed subset of Spec R. Suppose that Supp,\jlid R(‘IDC)
1s n-wide. Then Hfi,(R)p = 0 for all integers i > n and all prime ideals p of R with htp < i.

Proof. In view of Remarks 3.4(3), 4.2(2) and Proposition 3.2(5), it suffices to prove that ngl(Rp) = 0 for every prime

ideal p with htp = n + 1. Assume contrarily that Hg‘:l(Rp) # 0 for some such prime ideal p. Let S be the completion
of the local ring R,. Then dimS = dimR, = n + 1. Applying [14, Theorem 2.8], we find a prime ideal P of S with
dim S/P = n + 1 such that PS + P is pS-primary for all P € ®,. It follows from [1] that there exists a balanced big
Cohen-Macaulay S/P-module B. Then B is also a balanced big Cohen-Macaulay S-module by Remark 4.7. We have
wi(pS,B) =0 for all i <n+ 1 and pn41(pS, B) > 0 by [28, Theorem 3.2]. Using Proposition 2.3(1)(2), we observe that

Asss(E5(B)) C supps(B) \ {pS} € Supps(B) \ {pS} C V(anns B) \ {pS} C V(P)\ {ps} € 0°
for all i < n+ 1, where ¥ := {Q € SpecS | QN R, € ®,} = {Q € Spec S | QN R € ®} . Note that EL(B) is also injective
as an R-module. Proposition 3.2(1b) shows 'y (E4(B)) = 0, from which we easily see that I'¢(E4(B)) = 0. Propositions
2.3(2) and 3.2(1b) imply suppp(E4(B)) = Assg(E%L(B)) C @°, whence Ei(B) € X := supp~}(®C) for all i < n + 1.

Now suppose that X is n-wide. Then the image C of the nth differential map in Eg(B) belongs to X'. We have Eg(C) =
E%t(B), which contains Eg(S/pS) as a direct summand. There are injective homomorphisms R/p — S/pS — Eg(C).
It is seen that p € Assp C' C supprp C' C <I>E, which implies ®, = () since ® is specialization-closed. This contradicts our
assumption that Hgfl(Rp) # 0. Consequently, X' is not n-wide. |

Now we give several answers to Question 4.4 (see (4) and (5) of Remark 4.2). The second assertion recovers [2, (2) < (4)
in Theorem 4.9].

Theorem 4.9. Let ® be a specialization-closed subset ® of Spec R.

(1) ¢d® < 0 if and only if supp—(®L) is localizing.

(2) ¢d® < 1 if and only if supp—(®L) is wide.

(3) Suppose that d := dim R is such that 0 < d < co. Then cd® < d — 1 if and only if supp~(®C) is (d — 1)-wide.

Proof. The “only if” parts of the three assertions follow from Theorem 4.3 and (4) and (5) of Remark 4.2. So we have
only to prove the “if” parts. Set X = supp~(®0).

(1) Fix an R-module M and put N = M/Tq(M). Proposition 3.2 implies Ass N C ®C, and Eg(N) is in X by
Proposition 2.3(2). Now assume that X is localizing. Then X is closed under submodules, and hence N belongs to X'. By
Remark 3.8(1) we have RT'¢(N) = 0. Using Proposition 3.2(3), we obtain Hz°(M) = 0.

(2) Fix an R-module M and put N = DY (M). Proposition 3.9(4) implies Hy'(N) = 0, and Ass E(N) C ®C for i = 0,1
by Proposition 4.5. Proposition 2.3(2) implies E‘(N) € X for i = 0,1. Now, suppose that X is wide. Then X is closed
under kernels, and hence N is in X. Remark 3.8(1) shows RI's(N) = 0. By Proposition 3.9(5) we conclude Hz?(M) = 0.

(3) Suppose that X is (d — 1)-wide. Then it is observed by Proposition 4.8 that H% (R), = 0 for all integers i > d and
all prime ideals p. Hence H% (R) = 0 for all integers i > d, and Proposition 3.5 concludes cd ® < d — 1. |

The following proposition gives a necessary condition for n-wideness. For an ideal I of R we denote by D(I) the set of
prime ideals of R not containing I.

Proposition 4.10. Let I be an ideal of R. Let n > 0 be an integer. Let M be a finitely generated R-module with IM # M.
If supp~ ! D(I) is n-wide, then grade(I, M) < n.

Proof. Suppose contrarily that grade(l, M) > n. Then Hf”(M) =0, and AssE{(M) C D(I) for all i < n by Proposition
4.5. Using Proposition 2.3(2), we have E(M) € supp~! D([) for all i < n. There is an exact sequence 0 — M — EO(M) —
-+« — E"(M), and since supp~! D(I) is closed under n-kernels, we get M € supp~! D(I). We obtain AssE‘(M) C D(I)
for all i > 0 by Proposition 2.3(2) again, and HY(M) = 0 for all i € Z by Proposition 4.5 again. This contradicts [4,
Theorem 6.2.7], and thus grade(, M) < n. |

As an application of this proposition, we give an example of a subcategory which is precisely n-wide.

Example 4.11. Let z = z1,...,7, be a sequence of elements of R. Then supp~! D(z) is n-wide and which is not
(n — 1)-wide if @ is an R-regular sequence.

Proof. Since I := (x) is generated by n-elements, one has cd I < n and hence supp~! D(I) is n-wide by Theorem 4.3. If
x is a regular sequence, then grade I = n and the subcategory supp~! D(z) is not (n — 1)-wide by Proposition 4.10. W
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Recall that an ideal I of R is called perfect if pdy R/I = grade I. We now obtain the following theorem, which also
gives affirmative answers to Question 4.4.

Theorem 4.12. (1) Suppose either that
(i) R has prime characteristic p > 0 and I is a perfect ideal, or that
(ii) R is a semigroup ring R = S[A] for some affine semigroup (i.e., finitely generated commutative monoid) A and
some noetherian ring S, and I is a perfect ideal generated by elements of A.
The following are equivalent.
(a) cdI <n. (b) supp~tD(I) is n-wide. (c) grade(I, M) < n for all M € mod R with IM # M. (d) gradel < n.
(2) Let (R,m, k) be a complete regular local ring of Krull dimension d such that k is separably closed. Let I be an ideal of
R such that V(I) \ {m} is connected. Then cdI < d— 2 if and only if supp—* D(I) is (d — 2)-wide.

Proof. (1) The implication (¢) = (d) is clear, while (a) = (b) = (c) follow from Theorem 4.3 and Proposition 4.10. The
proofs of [31, Lemma 2.1 and Corollaries 2.2, 2.4] show (d) = (a).

(2) The “only if” part follows from Theorem 4.3. Let us show the “if” part. Proposition 4.10 shows grade I < d — 2,
which implies dim R/I > 2 since R is a Cohen-Macaulay local ring. We obtain c¢d I < d — 2 by [17, Theorem 1.1]. |

We state another result in relation to Question 4.4.

Theorem 4.13. The following are equivalent for an integer n = 0.

(1) The subcategory supp~'((Max R)®) is n-wide.

(2) The subcategory supp—* ® is n-wide for every generalization-closed subset ® of Spec R.
(3) There is an inequality cd ® < n for every specialization-closed subset ® of Spec R.

(4) The inequality dim R < n holds.

Proof. The implications (4) = (3) and (3) = (2) follow from Remark 3.4(3) and Theorem 4.3 respectively, while (2) =
(1) is obvious. Let us show (1) = (4). Assume dim R > n. Then there is a maximal ideal m of R with h := dim Ry, =
htm > n. Since supp~!((Max R)®) is n-wide, Proposition 4.8 implies H};,  »(R)m = 0. Using Proposition 3.2(5), we have

0 = Hf\jax ), (Bm) = Hii g (Rw), which gives a contradiction. We conclude that dim R < n. [

The following result is a direct consequence of Theorems 4.3 and 4.13.
Corollary 4.14. It holds that cd(Max R) < oo if and only if dim R < oco.

The reader may wonder if there exists a specialization-closed subset ® of Spec R with cd ® = co. The above corollary
shows that there actually does: whenever R has infinite Krull dimension, Max R is such a specialization-closed subset.

Finally, we clarify that Question 4.4 always has a negative answer for 2 < n < dim R — 2. For this, we prove a
proposition.

Proposition 4.15. Let 1 < r < s be integers. Let a,b be ideals of R generated by r, s elements, respectively. Put I = anb
and J = a+b. Assume H}™*(R) # 0. Then cdI =r+ s —1, and supp~* D(I) is s-wide.

Proof. The Mayer—Vietoris sequence [4, 3.2.3] gives an exact sequence --- — H% (M) — H{ (M) @ H (M) — H}{(M) —
H'Y (M) — -+ for each R-module M. As a,b (resp. .J) are generated by less than 7 + s (resp. r + s+ 1) elements,
we have Hi (M) ® Hi (M) = H5™ (M) = 0 for all i > r + s. Hence H7""*(M) = 0. The exact sequence H;"*~1(R) —
H'/P*(R)(# 0) — Hit(R) @ Hy M (R)(= 0) shows Hy ™ 1(R) # 0. It follows that cd I =r + s — 1.

Since a, b are generated by r, s elements, we have cda < 7 and c¢d b < s. Theorem 4.3 shows that supp~! D(a) is r-wide
and supp ! D(b) is s-wide. It follows from Remark 4.2(2)(3) that supp~! D(I) = supp~ ' D(a) Nsupp ! D(b) is s-wide. W

The following example immediately follows from Proposition 4.15.
Example 4.16. Let * = 1,...,2; be a sequence of elements of R such that ht(x) =t > 4. Let £ < s <t—2 be an
integer. Consider the ideal I = (z1,...,2—s)N(T¢—s41,--.,2¢). Then supp~! D(I) is s-wide, but cd I = (t—s)+s—1 > s.
This example says that Question 4.4 has a negative answer whenever 2 < n < dim R — 2 (for example, one can take
s=nand t=n+2).
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